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This note is mainly to record the content of this semester’s class in Analysis II. The first
half is based on Pugh’s book [2] and some from Apostol’s book [1], and the second half is

based on Mr. Shen’s lecture notes. We will not cover the content taught in the last semester.
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1 The L* Space and the Orthogonal Basis

In this subsection, we will study the space L?[a, b]. The space is defined as the following
L?[a,b] = {f : [a,b] - R| f is measurable and J |f|2 < 00}.

Recall in the last semester, we have define the concept of a normed space.

Definition 1 (normed space). A normed space is a vector space X with norm |-|, satisfying

these three properties:

1. |x| > 0for all x € X, and |x| = 0 if and only if x = 0.

2. |ax| = |a| - |x| for all « € R and x € X.

3. |x+yl < x|+ |y| forall x,y € X.

Now consider the norm on L?[a, b] defined by

nﬂ=(jmﬂue

It is easy to see that |a f|| = ||| f|. Also note that | f| = 0 if and only if f = 0 almost everywhere.

To see the third condition, we consider the Cauchy-Schwartz inequality:

ffg<ijm<(Kffyﬂ(fmfyﬂ.

The inequality on the left is trivial. For the inequality on the right side, we might assume that
f,g > 0. Then for all t € R we have

(tf+g)220 = t2f2+2tfg+g220

— tzjf2+2tJ'fg+Jg220
2

= o <<([ 7))
= [ ()

I+ gl = 17+ 8P = | 722 e+ [ ¢

gjﬂ+4[ﬂfﬂQéﬁm+jﬁ=WN+Mw

This gives the third condition of the norm. We conclude that L?[a, b] is a normed space. In fact,

Hence,

it is a Banach space.

Theorem 2. L%[a, b] equipped with the norm defined above is a Banach space.




We shall recall that a Banach space is a complete normed space. That is, every Cauchy
sequence is converging with respect to the norm. To prove this theorem, we shall introduce

some useful concepts.

Definition 3. Let X be a normed space. Given a sequence of elements {f,}. We say f, is

summable to s € X if
n
Sy = X where Sy = Z fr-
k=1

We say {f,} is summable if

D il < eo.
k=1

Then we have the following lemma.

Lemma 1. A normed space X is complete if and only if every summable {f,} is summable

to some s € X.

Proof. First suppose X is complete. Given {f,} with )’ [ fi] = M < . Fix € > 0, there exists
N € N such that

o0

Z Ifill <€ whenever n>N.
k=n
Then we have

m
I, — sl < Z Ifiell <€ whenever m>n<N.
k=n+1

We conclude that {s,,} is Cauchy, therefore s, — s for some s € X.

Conversely, suppose every summable {f,} summable to some s € X. Given a Cauchy se-
quence {f,}. For all k € IN there exists n; € N such that || f,, — f,,| < 27k whenever n,m > n.
We may assume that n;; > n; for all k € IN. We now let

81 = fn, and 8 = fo, — fn_, forallk > 2.

It is easy to see that

n n n
Yg=f, and Y lml< Y k<
k=1 k=1 k=1

Thus it follows from the assumption that ) gy converges. That is, f, — f for some f € X. It

remains to show f,, — f, which could be derived from the definition of the Cauchy sequence. L[]

We now could give the proof of Theorem 2.

Proof of Theorem 2. By the Lemma 1, it suffices to show every summable {f,} C L?[a,b] is
summable to some ¢t € L?[a,b]. Given a summable sequence {f,} (X |fi]l < M < ) in L?[a,b].



Set s, = ), | fi|, then

n

n
DA< DIl <M < oo
=1

k=1 k
Since {s,(x)} is increasing for all x € [a, b]. The limit

Isall =

g(x) = lim 5,(x)
exists (oo is allowed). The Fatou’s Lemma asserts that
ng = Jlims,% < Iiminfj 52 < M? < oo,
Hence g is finite almost everywhere. Let

g(x), if g(x) < oo

0, otherwise '

fl) = {
Then s, pointwise converges to f almost everywhere. Now consider the inequality
2

Is2(x0) = FOI” < 2(s7(x) + f2(x)) < 4f%(x)

holds for almost every x. The Dominated Convergence Theorem asserts that
: 2 . 2
lim Jlsn—fl = Jhmlsn—fl = JO =0.
n—oo

Hence s, — f in the L? norm. This proves the case of f > 0. In general, we may consider

f=r-r. U

Theorem 4. L%[a,b] is separable. That is, there is a countable dense subset of L?[a, b].

We first prove the following:

Lemma 2. C[a,b] with the L? norm is dense in L?[a, b].

Proof. We first prove that every characteristic function of a compact set can be approximated by

a sequence of continuous function. Let a closed set A C [a, b] be given. Let t(x) = ing |x — y| be a
ye

continuous function (continuity follows from the exercise last semester.) Consider the function

1

gn(x) = m

It is easy to see that g, pointwise converges to y4. Note that
2
18n(x) = (" < 4
hence it follows by the Dominated Convergence Theorem that
. 2 . 2
r}LrgoJIgn—xAl = Jr}glgolgn—xAl =0

This implies that the y4 can be approximated by continuous function. We now show that this

is true for characteristic function of a measurable set. Let E C [a,b] be measurable. Given



€ > 0 there is a compact set F C E such that m(E) < m(F) + €. Then |yg — xrl < €. From
the discussion above, we conclude that there is a continuous function t such that |y —t|| < e.
Thus, |y — t| < 2e. Now, for a measurable function f € L?[a,b] (f > 0), there are finitely many

measurable sets E; and positive real numbers g; such that

n
> axe — f
i=1

This shows that there is some continuous function ¢ such that |t — f| < 2e. This complete the

<E€.

n
Yaxp <f and
i=1

proof. [

Lemma 3.

1. The set of all real polynomials R[x] is dense in C[a, b] with respect to the L? norm.

2. Q[x] is countable and dense in R[x] with respect to the L? norm.

Proof. The first one immediately follows from the Stone-Weierstrass Theorem. The second one

is trivial. OJ

Proof of Theorem 4. This is a corollary of Lemma 2 and Lemma 3. 0J

We now shall study the inner product structure on the L?[a, b] space. Observe the following

property: If we are given two functions f, g € L%[a,b], then we have

))<=

Hence we can define the inner product on L2. We write (f, g) = J fg to denote the inner
a
product of f and g. Here we recall the definition of inner products.

Definition 5. Let V be a vector space over F. Then inner product (—,—) : VxV — Fisa

function satisfying the following property: (we might assume F = R here)

1. (f,g)=(g f)forall f,geV.
2. (fi+ f2.8) ={f1.8) +(fo. g forall f1, fo,g V.
3. (cf,g) =c(f,g) forall f,geVandceR.

4. (f, f) = ||f||2 >0 forall feV,and|f|=0ifand only if f = 0.

The inner product structure help us to define the concept of orthogonal.

Definition 6 (orthogonal). Given f, g € V, we say f and g is orthogonal if ( f, g) = 0. A set
S c V \ {0} is orthogonal if (f,g) = 0 for all f,g € S. AsetS C V \ {0} is orthonormal if it
is orthogonal and | f|| = 1 for all f € S.




Theorem 7. Suppose {, )} cn is orthogonal in L?. Then it (A) is at most countable. }

Proof. Without loss of generality, {¢,,} is orthonormal. If ¢, # ¢, then we have

<¢a - ¢ﬂa Pu — ¢ﬁ> = <¢0€a ¢a> + <¢ﬁ’¢ﬂ> =2.

This shows that {B(¢,;1) : @ € A}is a set of disjoint open balls. Recall that in Theorem 4,
we have shown that there is a countable dense subset P of L2. Thus, every open ball B(@,; 1)

contains a points x, € P. {x,} is at most countable therefore A is countable. U

Definition 8 (linear independent). Given a finite set {¢;,...,¢,} C V, we say it is linear

independent if

ap;=0 = a1 =ay =+ =a, =0.
1

n
=

For an infinite set {¢,},ep C V, we say it is linear independent if all of its finite subsets are

linear independent.

Then we have the following.

Lemma 4. If {,},ep C V is orthogonal then it is linear independent. J

Proof. It suffices to show that A is a finite set. Suppose

iaid’i =0

i=1

for some g; € R. Then

0= <Z ai¢i,¢i> = (@ ¢ = a;16il°,
i=1

this indicates that a; = 0 for all i. [

Theorem 9. Gram-Schmidt process Let {¢;};>; be linear independent. Then there exist an

orthonormal set {¢;};>, such that

spang{@r, ... i} = spang{pr, .. ok}

We will not give a proof here, see also my linear algebra note for more details. We now give

the definition of basis in infinite dimensional space.

Definition 10.

1. We say an orthogonal set {#,},cp C L?[a, b] is maximal (complete), if

(fi¢g) =0, foralla e A = f=0.



2. Given a finite set {¢;, ..., @,}. We write

spangi{dy, ..., Pt 1= {Z ad; : a; € ]R}.

i=1
For a infinite set {¢,},ep, We write
SpanR{¢a}aeA = U SpanR{¢a}aeF .
FCA, |Fl<co
3. We say {¢;}2, is a basis in L?[a,b] if it is dense in L?[a,b]. That is, for all f € L? and

€ > 0, there are {a;}!"; and {¢;}/-; such that

n

> agi—f

i=1

<eE€.

Note that L? has an orthogonal basis. {x"}>>, C R[x] generates L? and then apply Gram-

Schmidt process.

Lemma 5. Suppose {¢;} is an orthogonal basis. {¢;} is a complete (maximal) orthogonal set.

Proof. Suppose (f,#;) = 0 for all i € IN. Since {¢;} is a basis, given € > 0 there exists {g;}j-; such
that

<e€.

Z ad; — f
i=1

Then we have

¥><;@¢—ﬁgym—f>=gpﬂmfﬂmfzwﬁ

This shows || f|| < € for any given € > 0 hence | f| = 0. This completes the proof. O

2 Fourier Series

In the subsection, we introduce the Fourier series on the L2 space.

Definition 11. Suppose {¢;}?°, is an orthonormal set in L? space. Given f € L%. Then

o= | fo

is called the Fourier coefficient, and
s(f) = Z kP
k=1

is called the Fourier series.




Theorem 12. Given an orthonormal set {gbi}f\:[l, then for all (y,-){il we have

N
> vdi—f
i=1

N

Dabi—f

i=1

<

2 2

That is, among all choice of (y;), (¢;) gives the best approximation.

Proof. It follows by

2
= <Zn¢i—f,2n¢,~—f> = 2R+ -2 ) pe
= 20—+ - e

This completes the proof. [

ZYiQf’i—f

Corollary. Let {¢;};2; be an orthonormal set.

1. For any ¢y, ¢, ..., PN, 2, ;¢ has the minimum distance to f.

2. Zzl |cl-|2 < ||f||2 This is the so-called Bessel’s inequality.

Proof. We shall only prove the second statement. We have

N 2 LN
Sagi—f| =1 =X lal* >o.
i=1 i=1
for all N. Taking N — oo gives the desired result. O

Definition 13. A sequence of numbers (¢;)%°, is said to be in ¢ if

o0
> lel” < co.
i=1

Then we have the following theorem.

Then f = g.

Theorem 14. Let{¢;} be a complete (maximal) orthonormal set. If c.(f) = cx(g) for allk € IN. J

Proof. We have

J(f -8 =0 for all k € IN.
That is f — g is orthogonal to all ¢. We conclude that f = g. 0

Theorem 15. Suppose (¢;)>, € 2. Given an orthonormal set {$;}>, in L. Then there is a



function f € L? such that

ck=jf¢k and Yl = 117
i=1

n
Proof. Lett, = Y ci¢y € L. We claim (t,)5>; is a Cauchy sequence in L2. Given € > 0. There
i=1

exists an N € N such that

(o]
Z |cl-|2 <e€ whenever k> N.
i=k

Now consider

2
m m
2 2 .
Ity —tal” =] Y @t = > lal"<e if m>n>N.
i=n+1 i=n+1

Hence (t,) is a Cauchy sequence in L2. There is a function f € L? such that t, — f in L? norm.

Finally, we have

Uf¢k—ck

= [ 7= [ =|| 7 =t <15 -1 0

Hence J fdr = cx. The second statement follows from

n
2 2 2
IF17 = Y lal” = {tn = fota = ) = It = fI° = Oas n — .
i=1

This completes the proof. [

Definition 16. Let {¢;}?, be an orthonormal set. We said f € L? satisfies Parseval’s Formula
if

o

S’ = 1£17.

i=1

We now have the following.

Theorem 17. Given an orthonormal set {¢;};°,. Then it is complete if and only if f satisfies
the Parseval’s formula for all f € L2.

Proof. Suppose f satisfies the Parseval’s formula for all f € L2. If there is a f € L2, such that
(f,¢) = 0 for alli € N. Then |f ||2 = 0. Hence {¢;} is a complete (maximal) orthonormal set.
Now suppose that {¢;} is complete (maximal). Given f € L% By Bessel’s inequality, we have

n

2 2
>kl < IfI < oo
i=1



We now apply Theorem 15, there is a function g € L? such that

w@=a=c(f) ad Y la@F =gl
i=1

By Theorem 14, we conclude that f = g. This gives the desired result. [

Theorem 18. L?[a,b] is isometric to ¢ and L*[a, b] is isometric to L*[c, d].

This is just a corollary of discussions above.

3 Fourier series on [q, b]

In this subsection, we shall now study the concrete Fourier series. That is, we will replace the

orthonormal set {¢} with the trigonometric function {cos(nx), sin(nx)},Z or {exp (ikx)};__.

Let f : R — R be a periodic function with period 27. Define its Fourier series be
a [o¢]
24 Z ay cos kx + by, sin (kx),
=

where

a = % J:[ f(t) cos (kt)dt

b = %f £(2) sin (kt)dt |

We often use the complex notation

In general, we say P(t) is a trigonometric polynomial of degree n if
n .
P(t) = Z ek, where |c,| + |c_,| # 0.
k=—n

We have the following important property:

' 0,ifm=0
— eéMXdx = .
21 J—n 1, ifm=0

This gives us an opportunity to generalize it and allow us do Fourier analysis on groups. We will

also study Fourier series on L? spaces.

k

Lemma 6. Let s,(x) = Zzz_n ¢e’** converge to f € L! in L! norm. Then

%:wﬁ=i[_mwwﬁ

10



Proof. Since s, — f in L! norm. We have J |f —sp| = 0. We have

a(f) = i Jrﬁ f(t)e—iktdt = ﬁ (f (f - Sn)e_iktdt n Jﬂ Sn(t)e—iktdt)

/4 /4

1 (" :
= — J (f — s)e ®dt + ¢.
21 )5

Note that
as n — oo.

r (f = spe”™dt| <

This completes the proof. This theorem establishes a necessary condition for a trigonometric

—sp)| —

series to converge. O

We now are going to introduce an useful theorem which is known as Riemann-Lebesgue

Theorem.

Theorem 19 (Riemann-Lebesgue’s Theorem). If f € L}, then |¢| — 0 as k — oo. 1

Proof. We shall use a fact (which will be proved later) that trigonometric series are dense in L.
Given f € L! and € > 0 there exists a

N
P(t) = Z ckeikt
k=N
such that
If —Ply <e.
When n > N, we have

1 8 . 1 T T
¢, = —J f()e ™Mdt = ( J (f — P)e "dt + J P-e "”dt)
A 27 -
1 T
ZZ—J (f = P)e™dt — 0 as n— o
This proves the desired result. [

We now can compute and simplify the Fourier series into simpler form.

n

s,(x) = Z cpelk* = Z LJ @) ok Ce—) gy — lj £ 1 Z R | g4
= 2 )5 T ) 2k:_n

k=—n

Definition 20 (Dirichlet kernel). We define the Dirichlet kernel

D,(x—1t) := Z elk(x=1)

k——n

Then we have

sulfi )= 2 j FODux — Dt

11



Note that
1 e_i”t(ei(2”+1)t —1) sin(n+1/2)t
Dul®) = et — 1 " 2sin t/2
We have some important propertles:

Proposition 1.

T T
1. D, is an even function and 1 J D, (t)dt = 1 J D,(t)dt = 1.
T J)_p 271 Jo

z.w4m<(umz£}Aﬂﬂ=n+mm>

3. |Dy(t

Proof. Some simple calculus calculation gives us
. t t
sin (E) > — whenever 0<t<.
T

This proves the Proposition 3. [

Now we shall introduce a classic trick. We write

Dy—1(8) + Dy(t)

Df := 5

Then we have
sin(n—1/2)t +sin(n+1/2)t  sin(nt)

Da(t) = 4sin(2/2) ~ Ztan(t/2)

and
D,—D,_; cos(nt)

Dy(t) = Dy(t) = — R

This implies that

s(fi) =1 [ Dy

_1 (J” FOD;(x — t)dt + J” F()(D, — Di)(x — t)dt) _
7 \J)_, .

When we study whether s,(f; x) converges to a function, we may only need to study whether

the sequence

J” F(®)Di(x — t)dt

converges, since Riemann-Lebesgue’s Theorem (Theorem 19) asserts that

J” f(t)(Dn - Dri)(x —t)dt - 0 as n — oo,

Lemma 7. Suppose f € L!. Then

sin n(x 1)

dt,
—t

lim s,(f;x) = lim lJ fO)————
n—oo n—oo jr

12



| provided that the limit on the right side exists.

1
tan(t/2) (¢ /2)

Proof. We first define a function ¢(t) : = defined on [, ]. By L’'Hopital Rule,

¢ is bounded. Thus it is integrable.
1 J,n DG — Bt = ( J FOP(x —t) sinn(x —t) it + J I )sm n(x —t) dt) .
T J)-r - —t

2
Note that by Riemann-Lebesgue’s Theorem (Theorem 19) again,

J’” f)p(x —t)sinn(x —t)
_,T 2

dt — 0.

This proves the theorem. [

Here are more properties of Dj..

Proposition 2.

T
1. D} is an even function and 1 J Di(tdt = 1.
T J-n
2. |Dﬂ| <n.

3. D < Z.
3. |Dp| < ]

Since Dj, is an even function and f is periodic, we may write

(i) =1 j_ FOD(x — Dt

_lj” fG+8)+ fx—1)
-

> Di(t)dt

_ lr(f(x+t)+f(x—t))p,*§(t)dt
7 Jo

We now gives the following theorem. This theorem is known as Dini’s Theorem, it provides

an sufficient condition for a Fourier series to converge.

~

Theorem 21 (Dini’s Theorem). Suppose f € L}[—x, x]. Given x € [—r, ). If there is a real
T
L

Proof. It suffices to show that s}( f; x) — A by discussions above. Since

number A such that

f(x+t);f(x—t)_A‘%<oo

Then s,(f;x) = A.

T
A:Ax1:Ax1J_mawa
T J-n

13




we have

. _2 (T (fG++fGa-t) ) _sin(m)
sn(f;0)— A= - L ( 5 A) Ttan () 2) (t/2)dt'
Note that
[0 oD
fx+t)+ flx—1) 1 1) .
5 - A‘ . (—2 n (/2) - ;) sin (nt)dt.

i t
. sin (n )dt

% [sa(fs %) — A < J:r
‘.

V@+ﬂ+f@—ﬂ_
2

Since
. % e L'[-n, n]

x+t)+ flx—t

fa+D+ f( )_A'( 1 _1) D7)
2 2tan(t/2) t

Riemann-Lebesgue’s Theorem asserts that both integral converge to 0 as n — oo which indicates

sp(f32) > A. O

A

(fixx),

Corollary. In particular, f € C![-x, 7], then s,(f;x) — f. In fact, if f is locally Lipschitz,
then s,(f;x) — f(x) at that point x.

Theorem 22. Let w be a function defined by

ofix) = = j G+ 1) — FO)]db.
Suppose

[ﬂw<f;x>-d—x<oo.
0 X

Then s,(f;x) = f(x) almost everywhere.

Proof. Consider the function I defined by

dt
=

1) = L G+ 1) — F@)

Then we have
| twax= | | o= ol ar
= J” Jﬂ |f(x+1t)— f(t)|dx- % (Tonelli’s theorem)
0 J-m

T
= ZnJ w(f;x) - % < o0 (by assumption).
0

Hence I(x) is finite almost everywhere. That is,

T T
dt flx+t)+ f(x—1) dt
[ o=@ 2 cw — | — f)| <,
0 t 0 2 t
By Dini’s Theorem (Theorem 21), we obtain s,(f;x) = f(x) almost everywhere. O

14



The convergence of s,(f;x) depends on the local properties of f. Even f is continuous,

s,(f; x) can still diverge at some points. We now shall show the following theorem.

Theorem 23. There exists a function f € C[—r, n] such that s,(f;0) diverges.

Before proving this theorem, we shall first prove some useful theorems.

Theorem 24 (Uniform bounded principle). Let X be a complete normed space and let Y be
a normed space. Let {T,},; be a family of bounded linear transformation from X toY. (The
boundedness might not be uniform.) Assume that for all x € X, the set {T,,(x)},—; is bounded
inY. Then{T,},— is uniform bounded. In other words, there exists a number C > 0 such that
|T,| < C < oo foralln € N.

Proof. We first claim that there exist x; € X, € > 0 and a constant K > 0 such that |T,(x)| < K

whenever |x — xy| < e. If the claim is not true, then for all x € X and € > 0,

o0

T,(B(x;€)) is not bounded.
n=1
Let x, be an arbitrary vector in X, and let r, = 1. Consider By = B(x; ). There exists x; € B,
and n; € N such that ||T,11 (xp)| > 1. Since T,, is continuous, there is r; € (0,1) such that
HTnl(x)" > 1 Whenever_x € By := B(xy;r;). Suppose xj,..., X and ry, ..., . have been chosen.
Choose x;..1 € B := B(x; 1) and ny; such that HTnk+1(xk+1)H > k + 1. The continuity of T,
indicates that there is a number r,; € (0,1/(k + 1)) such that B;,; C B, and

||Tnk+1(x)H >k+1 whenever X € Bryq 1= B(Xki1; Tea1)-

Then (By) is a decreasing closed ball on X and the diameter of these balls converge to 0 asn — oo.

X is complete, hence

() B, = (v}
n=1
Note that
"Tnk(v)" — o0 as k — o

which contradicts to the assumption that {T,(x)} is a bounded set in Y. Hence our claim is true.
There are x; € X, € > 0, and a constant K > 0 such that |T,(x)|| < K whenever |x — x| < e.

Now for all x € X, we consider

EX
zZ = — + Xo.
I
We have ||T,,(z)| < K. This implies that
EX €
T, (M) #T00)| <K = IG5 < K+ Go)

= T, < (K +Cy) €|,

15



where C,, > 0 is the constant that
ITa(x0)]l < Cy,-

This completes the proof. [

Lemma 8. Recall that D, is the Dirichlet kernel. We have the following.

T
I, =1 I ID,(O)| di € ©(log n).
T J)—r

In other words, there exist constants ¢, > ¢; > 0 and ny € IN such that

cilogn <L, <cylogn whenever n>ng.

We will omit the proof here.

Proof of Theorem 23. Suppose such f does not exist. Let T, : C[-x,7] — C be a family of
functions defined by

T

7&ﬂ=%ﬁ®=%J FOD, Dt

-7
Since we assume each f € C[—x, ], its Fourier series s,(f;0) at 0 always converge. This implies

that there is C¢ > 0 such that
ITo(F)] < Cp < oo
By the Uniform Bounded Principle (Theorem 24), there exists C > 0 such that

IT,(f)l £C < ooforalln e Nand f € C[—x, x].
It now suffices to show that for all M > 0 there exist k € N and f; € C[—x, 7] such that

Tk (fi)l > M.

This follows by Lemma 8, and the fact that
2

(L’; D (0)] dt) < (Lﬂﬂ Dt dt) (J:T ldt) = 27 - T,(D,).

Here we shall introduce some more properties of Fourier coefficients and Fourier series.

Proposition 3.
1. Given f(t) and givena € R, let f,(t) = f(a+1t). Then
(fy) = J fu®e *at = J f@t + ) ™dt = J ft + @) *tHDekagy = ¢ (f) - ke,
2. Given f(t) and let g(t) = f(t) - ™. Then

%@=jﬂmwﬂ%:%ﬂql

16



3. Let f € L[, 7). Let

t
F(t) :=c+ J f(s)ds.
0

Then
Ck (f) eikt

F(t) —cyt ~ ¢’ + Z -
i

k+0

4. If f is absolutely continuous and assume f and f’ is periodic. Suppose

0
f~ Z Ckeikt.
k:—oo
Then
o
f~ Z ikeelkt .
k=—o00

5. If f is absolutely continuous, then |ci.(f)| = o(1/k).

6. If ¢ (f) and ci(g) are the Fourier coefficients of f and g respectively, then

(o]

frg~ Y, alPalger.

k:—OO

J

The proposition above use the notation *, it means “convolution”. We shall give a definition

here.

Definition 25 (Convolution). Let f, g € L[—, 7] be two periodic functions. We define the

convolution of f and g be

J

foge= | fo-De@de=| 0t~

—TT

Proof. We shall prove the non-trivial ones.

t+2m

3. Note that F(t + 27) — F(t) = J f(s)ds = 2mcy(f). Let H(t) = F(t) — ¢o(f) - t. It is clear
t
that H is a periodic function. We now compute its Fourier coefficients.

21 - (H) = r H(@)e *dy

/4

= H(ﬂ)%}jk”) - H(_ﬂ)%;:”) n J_ﬂ % okt gy
B 2 (f)
ik

4. We have

t
1O = fem+ | s

17



for almost every t € R. By the last proposition, we obtain

&) —co(f )t ~c" + Z %eikt_

k+#0

The assertion follows from ¢y(f”) = 0. (f is periodic.)

5. Since f’ € L![-n, ], it follows by the Riemann-Lebesgue Theorem that |ikc| — 0 and thus
lciel = o(1/k).

6. Consider

alf 9= (J f(x—t)g(t)dt) ik g

T JT
(J g(t)e_iktdt) (J flx— t)e_ik(x_t)dx) (By Fubini’s Theorem.)
T

(f) - c(g)-

It is worth noting that Fubini’s Theorem is applicable since

Ifgly < 1f1y - Nl

which could be obtained by applying Tonelli’s Theorem to J | f] * |g]-

Remark. In fact, we have f is [a]-order differentiable if |t (f)| = o(1/k%).

4 Cesaro sum of Fourier series

In last subsection, we find that s,(f; x) might not even converge although f is continuous.

We want to study whether it converges in Cesaro sense.

Definition 26. A sequence of number {c;};2; is said to be Cesaro summable to L, if
@) 4 Gy A oo 2,
n

— L

asn — oo,

We write

So(fs ) +s1(fs0) + - + 5,(f1 )

n+1

O'n(f; x) =

m
Note that s,,(f;x) = Z ce**. Some calculations give us
j==m

18



Also we have

f*Dy+ -+ f*D, Dy + -+ D,

703 %) = P kit
n+1 n+1

Now we simplify it. We often write K, to denote

Dy + -+ Dy zn: dG+1/2n | 1
n+1 2s1n(t/2) n+1

Jj=0
2sin (t/2) 1—el n+1

1 (sin ((n+ 1)t/2)>2
2(n+1) sin (t/2)
It is worth noting that some other books often define

1 ( sinnt /2 )2

K, i=—-|=

2n \sin(t/2)

which is more reasonable. However, I am not interested in fixing up this issue in this note. Similar

to what we have done before, there are some basic properties of K;, could be derived immediately.

Proposition 4.

1. K, is nonnegative and K,, is an even function.

1 (" B
2. — L{ K, (t)dt = 1.
1 /. 1\ _n
3. K,(t) < m;(1+5) <
4. K,(t) < T Another upper bound is Tzl)tz
5 o(fsx) = L L f(x+t);f(x_t)K()dt J (f(x + 1) + f(x — D) K, (t)dt.

Although it is very likely that a Fourier series of a function may not converge, it is easy for

it to converge in Cesaro sense. We have the following theorem.

Theorem 27 (Fejer’s Theorem). Suppose f € L[—x, ]. Assume that both f(x+) and f(x—)

exist. Then
fx+) + f(x-)
2

on(f;x) >

Proof. Without loss of generality, we may assume f(x) = (f(x+) + f(x—)) /2. (Changing a value

of a point does not impact the Fourier coefficients.) Now we have

on(f5x) = f(x) = = L (f(x i er fe f(x)) K, (t)dt.
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Given € > 0. There exists a § > 0 such that
If(x+1)— f(x+H)| <eif0<t < S
[f(x+1)— f(x-)| <eif —6<t<0

This implies that
‘f(x“);f(x_t) - f0)| <e, if || <.
It follows that
1) T
J Joer S k@ <e J K )dt = = (1)
0 2 0 2
and that
Tlfx+0)+ f(x—1) 7. C
| 1 0| K oar < T ®
where C is the constant
Coe J’” flx+t)+ f(x—1) _ fo)|de.
0 2
Together with (1) and (2), we conclude that
o xC
o120 = O S 4 T
This shows o, (f;x) = f(x) := (1/2)(f(x+) + f(x—)). [

Remark.

1. If f is continuous at x, then o,(f; x) = f(x).

2. If f is continuous on [¢,d] C [-r, 7], then 0, — f uniformly on [c,d].

Proof. We shall give a proof to the second assertion. For all x € [c,d], there exist N = N(x) € N
and § = 6(x) > 0 such that

lon(fit) — f(H)| <€ whenever t € B(x;0) andn > N.

The remaining part follows by the fact that [c, d] is a compact interval. [

Corollary. Suppose f is continuous on [—r, 7], then given € > 0, there is a trigonometric

polynomial P such that

|P(x) — f(x)| < e for all x € [—m, 7].

This corollary follows by last remark. We now prove a similar result, however not under the

supremum norm, but under the L! norm instead.

Lemma 9. Suppose f € L[z, 7]. Given € > 0. There is a trigonometric polynomial P
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such that
L |f(x) — P(x)|dx < e.

In other words, |f — P|; <e.

Proof. We may assume that f > 0. (Recall that f = f* — f~.) It is easy to see that this lemma
holds if f is continuous function (by the last corollary). Now suppose f = ya, where A is a

closed set. In Lemma 2, we have shown that there exist continuous function g, such that

1
Ign = fllz < =
n

This implies

Jb —
lgn = fly < ——.

Now let E be a measurable set and let f = yp. Then there exist closed sets (A;);en such that
m(E) < m(A;) + ~.
J
Hence H f- XA;H1 < 1/jand |f — g| < € for some continuous function g. We have proved the

case when f is yg, E is a measurable set. Now for general integrable function f, we know that

there is some closed set E; and ¢ €ER such that

n
f- Z GXE| <€
J=1 1
Thus we see that there are some continuous function g such that | f — g|; <e. [

We now generalize the idea of L? and L! norm to general L? norm.

Definition 28.

1/p
1. If1 < p<oo,let LP[—m, ] ={f : J |f|p < oo}, and we use I, = (J |f|p) to denote
the standard norm on L? space.
2. If p= oo, let
L®[—m, 7] ={f : M > 0 such that |f(x)| < M < oo for almost every x}.

We use | f|o, = inf M to denote the norm on L®, where the infimum is taken among all M

such that [ f(x)| < M < oo almost everywhere.

Theorem 29 (Continuity in the L? norm). Let f € LP[—x, 7] (1 < p < ). Then

hmJﬁU0+M—f@Vm:Q

h—0
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Proof. First if g is continuous on [—r, 7], then it is clear that

lim gt +h) — g(®) dt =o.

In the proof of Lemma 9, we have shown that every function f in L!, there exists a continuous

function g such that

If =gl <e

A slight modification on the proof give that: if f € L?, there is a continuous function g such that

If - gl, <e

Now we have

J 4= o1 de = |

/1

|f(t+h) — gt + h) + g(t + h) — g(t) + gt) — fFOIF dt

<o ([ ipeem-garnra | igarn-goras [ g0-fora).

The right side converges to 0 as h — 0. ]

Theorem 30. Let f € LP[—x, 7] (1 < p < ). Then,

1. "O'n(f) - f"p — 0 asn — oo,

2. low(Pl, < Ifl, foralln € N.

We shall first prove another very useful result, which is known as Holder’s inequality.

Theorem 31 (Holder’s inequality). Let1 < p < 00, 1 < g < oo be two integers such that

Then we have

[1ra<(] |f|”)1/p {l |g|‘f)l/q.

In other words, || fgll; < ||f||p . ||g||q . The latter statement is valid when p or q is .

Proof. We may assume that p, g # oo, otherwise it is trivial. We first claim that
1 1
|f(x)g(x)] < > fGI + 7 8GOl for all x. (3)

If the claim is true, then for any | f| p=1= lgll ¢ Ve have

1 1 1 1
J|fg|s—J|f|P+—j|g|q=—+—=1 — Ifgl, <1.
p q p q

For f and g such that | f| p*lor | g||q # 1, we could normalize it to 1. It now remains to show

our claim is true. We write a = |f(x)|, b = |g(x)|, s = 1/p, and t = 1/q. Then (3) is equivalent to

a’t! <as+bt < sloga+tlogh < log(as + bt),
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holds for all s + ¢t = 1, s, € (0, 1), a,b > 0. The concavity of log implies the theorem. O

Proof of Theorem 30. Our objective is to show that J lon(f) — fIP = 0. Let

F@)P = j Gt ) — FOIP dx.

We know that F(t)? is continuous at t = 0 (Theorem 29). Note that

on(f;x) — f(x) = % J_ (f(x +1) — f(x)K,(t)dt.

Let g € (1, 0] such that 1/p+ 1/g = 1. Then

T

[ o0 seommaa < [ 15640 001 K012 K0

-7

T 1/P T 1/q
2( | If(x+t)—f(x)|p-Kn(t)dt) ( [ Kn<t>dt)

- 7

T 1/p
_ /4 ( [ e+ - ot Kna)dt) |

The inequality (#) holds by Holder’s inequality (Theorem 31). This gives

(0= I < 2 [ I+ 01— fI - Koo
— | - @l e L[] ey - j0f - Kodax
*1 V Jﬂ |F(x +1) — FOIP - K, ()dxdt
T )-rgJ—r
= % ( Ft)PK,(t)dt = %GH(FP;O) — 0 (Theorem 27).

We can exchange the order of integration in (&) by Tonelli’s Theorem. The inequality above

proves the first statement. Similarly, we have

7 p
I%@ﬂfsej mmHWKﬁWFKﬁWMO

1 7 1/p , ox 1/q P 1 ("
< (— (J f(x + )P Kn(t)dt) (J Kn(t)dt) ) == J |G+ DI Ky(t)dt.
T T 43

- - -

Hence
T 1 T T
o, = | lonriofdx < [ | 1pes ol Kdeas
-7 AR Y
1 T /9
:_J J £ + | K, (dxdt
T J)egJ—r
I£15 ¢
:—ij K,(t)d
T J-r
IFIE.
This completes the proof. 0J
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The second statement in fact also holds when p = oo and in that case we could consider the
inequality
1 T
lon(Hlleo = ;J 1£C+ Dlleo Kn(®dt < flloo -
v/

We now give a remark on convergence of s,(f;x) and a,(f; x).

Remark.

1. In 1953, Kolmogorov, a Soviet mathematician, had proved that there exists a function
f € LY, n] such that s,(f;x) diverge almost everywhere. A year later, he published
another paper showed that there exists f € L![—x, 7] such that s,(f; x) diverge everywhere.

2. Carleson (1965) showed that for all f € L?[—r, z], s,(f; x) converges to f(x) for almost

every x.

3. Hunt (1968) showed that for all f € LP[—x, x| (p € (1,)), s,(f;x) converges to f(x)

for almost every x.

However, these theorems are very hard to prove, we will not give a proof here.

Theorem 32. Given a sequence of numbers (¢;)Z. Let

on(t) = Z (1 — %)cjeijt.

ljl<n

Then Y, cjeijt is the Fourier series of f € C|—n, x| if and only if 6, converges uniformly.

Proof. 1t }, cjeiﬁ is the Fourier series of f € C[—x, ], then ¢;,, converges uniformly by the remark
of Theorem 27. Now suppose o, converges uniformly. Since (o,,) are all continuous, there exists

f € C[—n, n] such that 0,, = f. We claim that
1 /.

= —ijt
¢j o Ln f(H)e VHdt.

It follows from

1 (" iy 1 4 iy
—J f()e V'dt = — lim J o,(e Vdt
2w ), 27 n—>oo J_ o

= lim (1 — l) Cj = Cj.
n—00 n+1

This proves the theorem. [

Lemma 10. Let 1/p+1/g =1 (1 < p < o0) and let f € L![-x, 7] such that

[ ss<xim,

for all simple functions ¢, where K < oo is a positive constant. Then f € LP[—x, 7] and
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Ifl, < K. J

Proof. If p = 1, it suffices to choose ¢ = sign(g) € L™. Now assume that p € (1,). Let {¢,}

denote a sequence on nonnegative simple functions such that ¢, < ¢,,; and ¢, = |f IP. Since
o<’ <|fl e Ll[-r,7]

the functions
h, = ¢/ Usign(f)

are simple and in LY[—x, r]. It follows that

fﬂ P = [; s/l < fﬂ flgn’? = [; fho <Kyl = K(r ¢n)1/q

(o) "sx

T 1/p
I, < (nm i ¢n) <K
n—>oo

v/

This gives

By Fatou’s Lemma, we conclude that

This proves the case when p # co.
Now assume that p = co. For any € > 0 set
E. = {x € [-m, ] such that |g(x)| > K + €}

andlet ¢ = yg_-sign(f) be a simple function. Note that f € L! and the set m(E,) < 27, therefore

we have

(K +¢€)-m(E) < U f(ﬁ‘ < K -m(E,).
Thus m(E,.) = 0 for all € > 0. [

Theorem 33 (Riesz representation theorem). Given 1/p+1/q =1 (1 < p < ). Then there

exists a bijection
LI[—m, ]V «— LP[-n, x].
More precisely, for each t € (L9)", there is a function f € LP such that

t(g) = J f&

Note that here we write V" to denote all linear “bounded” functional on'V.

Proof. Let F(x) = €(x{—rx])- We claim that F is absolutely continuous. Let {I; = (a;,b;)} be
finitely many disjoint intervals be given. Define ¢(t) := Z sgn(F (bj) —F (a]-)) X, ().
J

25



Then, |¢|2 <Y ;|| and it implies that

1/q
ZF@%H@FK@SMMMSM(ZMO~
J J
This shows F is absolutely continuous. Thus there exists f € L![—x, 7] such that

F(x) = J_ f(t)dt.

It implies that

T

N =rx]) = J F@®) - X x®)dt.

v/

Since { is linear, for any step function g = } a; X, (finite linear combination of )(Ij), we have

(g) = J_ f(©)g(t)dr.

Now let g = yg be the characteristic function of a measurable set. Since E is measurable,

then for any given n € IN, there exist finitely many disjoint open intervals (Ij)le such that

k k
[ DE and Z m(l;) < m(E) + 1
\ . n
j=1 j=1
Define
k
8= DX
=1
Then

1

Since g, — g, we conclude that
T T
J fen— J fe
—IT /4

by dominated convergence theorem (|g — gyls,p, < 1)- This shows that for any simple function

g, we have {(g) = J fg.
Note that

sup

[ 75 =t < w1,

for any simple functions g (recall that ¢ is bounded). Apply Lemma 10 on f, we conclude that
f € LP. Now let g be any functions in L? and let ¢, be sequence of simple functions that converge

to g in the LY norm (this is possible since simple functions are dense in L? space). Then

| sn-o

<If1, In — gl = 0
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as n — oo. This implies that

T

-t wd [ | g

—TT

thus

T

g) = J fg
-
for any g € LY. This completes the proof. [

Theorem 34. Let {f,} be a bounded sequence in LP[—m, 7], 1 < p < oo. That is, there exists
M > 0 such that | ful, < M < co for alln € IN. Then there exists a subsequence { f,, } of {fn}
and a function f € LP such that

lin [ 080 = [ ot

holds for all g € LI[—r, ], where1/p+1/q = 1. We said the sequence {f,, } converges weakly
to f and write f, — f.

Proof. We first sketch our proof.

Step 1: Prove that there exists a subsequence {; } such that the integral

Y
f Jo, (g (t)dt
-
exists for all trigonometric polynomial g with rational coefficients.

Step 2: Prove that for each g € L9, the limit

lim J fn, & exists.

k—o0

Moreover, g — klim J fn & is a linear bounded functional.

Step 3: Apply the Riesz Representation Theorem (Theorem): Every linear bounded functional
on L1 can be represented as L(g) = (f, g) for some f € L? that does not depend on the choice of

8.

We first denote all rational coefficients trigonometric polynomials by A. It is countable. We

may write A = {g;};2;. Then we have

[5eaf < ([150) (1) " < -ty <o

There exists a subsequence { fn(l)} of { f,§°) := f,} such that

lim J n(l)gl exists.

n—>o0o
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We repeat this process. More precisely, suppose the subsequence { fn(k)} has been constructed.

Then
1/p 1/q
)P
U O g ’ (J n()‘) (J |gk+1|q> <M - | grrilly < oo

There exists a subsequence { fn(kH)} of { fn(k)} such that

hm J fn ng exists.

It is easy to see that { fn(n)} is a subsequence of {f,,} and that

lim J n( n) &k exists for all k € IN.

n—oo
This proves the step 1. We now write f, := k(k).

Now let g € LI[—, 7] be given and let € > 0. Then there exists p € A such that |g — p||q <e€
since A is dense in LY (Theorem 9). Note that

hm J,f p exists.

Hence there exists N € IN such that

J ( (n) _ (m) p‘ < e for all n,m > N. Therefore,

U(rgn) (m) p‘ U (A7 = 55) (g - p)’ U (57— 4 p‘QM cte
This shows that the limit

hm J fe (k)

exists for all g € LY. It is clear that the map

: g lim ankg

k—
J fn&

It indicates ¢ is a linear bounded functional.

is a linear map. Observe that

< Mgl
It follows from the Riesz representation theorem (Theorem 33) that ¢(g) = J fg for some

f € LP that does not depend on the choice of g. This proves the theorem. O

The theorem above help us to prove the following necessary and sufficient condition for a

trigonometric series to be the Fourier series of an L? function f (1 < p < o).

Theorem 35. Let

o0 o
s(x) = Z cjeijx and o, = (1 - n|]+| 1) cjeijx

J=—o0 ljl<n

be a trigonometric series and its Cesaro partial sum. Then s(x) is the Fourier series of a function
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feLP (1< p<o)ifandonlyif

lowll, <K < oo

Proof. 1If s(x) = s(f;x), then we have shown in Theorem 30 that |o,| » < I£1 - Now suppose
oull, £ K <ooforalln € IN. theorem 34, there exists a subsequence 10, s and a function
lowll, < K for all IN. By th h i bseq {0, } and a functi
f € L? such that o, — f. Fix j € N and let g(t) = e ' Then we have

Hence

This shows that s(x) = s(f; x). O

We now shall start proving that if f € L[z, ], then 6, — f almost everywhere. This

theorem however need some preparations first.

Lemma 11. If J |gn — gl = 0 asn — co. Then there exists a subsequence {g, } such that

8, — & almost everywhere.

Proof. For all « > 0, define
X(a,n) = {x : |gn(x) — g(x) > a}.
Then we have m(X(a, n)) < 1 J |g» — gl- Let @ = 1/j, j € N. There exists n; € N such that
a
1 1
m (X <—,,n>> < = whenever n>n;.

J 2/

Then it is clear that &, ™ & almost everywhere. 0]

Lemma 12. If f € L'[-7, x], then

LLﬂx+o—funm=o@>

for almost every x.
J

We will not prove Lemma 12 here, since it is a homework problem. We now could give a

proof to the following theorem.

Theorem 36 (Lebesgue). If f € L}[—r, x|, then o,(f;x) — f(x) for almost every x. J

Proof. Recall that

J‘”(f(x+t)+f(x—t)
0

on(f) = f0) = = .

—f@ﬂm@m
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Let

~TT

(x+1t)+ f(x—1t)

An(x) = x)| Ky (t)dt
Ji/4m 2
~1/n .
By(x) := . f(x+t)%2rf(x 2 x)| K, (t)dt
1/4n —
6w = | LD | s

It is clear that
2 10(f:2) = FGOI € A() + By(x) + Cu(x).

It suffices to show that for almost every x, A, (x), B,(x),C,(x) = 0 as n — oo. It is worth noting

that the integral

M(x) o= L” f(x+t);f(x—t)

exist for all x. Now we start estimate A,,, B,, and C,.

—ﬂda

2

1. Estimate A,(x). Recall that K,(t) < — % wehave
2(n + 1)t

—t)

- M(x) -y/n — 0.

0| &

2 T
0< Ay(x) < == J
1/4n

2(n+1) 2 t2 - 2( +1)

This shows that A, (x) converges to 0 for every x.

2. Estimate B,(x). Recall that K,,(t) < (n+1)/2 <n, if n > 1. We have

Unif(x+ )+ f(x—1)
2

dt.

OSBAMSn:[ ~ f(x)

0

From Lemma 12, we have

n_Jl/” flx+t)+ f(x—
0

2
for almost every x. This shows that B,(x) — 0 as n — oo for almost every x.

o(l/n)

as n— oo

ﬂﬂ

3. Estimate C,(x). Similar to (1), we have
1/4n

—t)

0<C(x)<ﬂ—J

1/n
a@=£

Lebesgue’s main theorem asserts that F, viewed as a function of ¢ is absolutely continuous and

2

Define the function

) ds < M(x).

- f(x)

2
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monotonically increasing. Integration by parts give us

1YV e+ + Fe =) g 1 E@Y oy /A dt
= —f&)| 5 == = + = Fo(®) =
nJi/n 2 t n t* lt=1/n nJi/n t
F(1/Yn) g [V dt
< X1y - —.

< NG n-F.(1/n)+ " L/n F.(t) 3

Observe that
RO/ _ MG
NN

asn — 0. We also have n- F,(1/n) — 0 as n — oo for almost every x (Lemma 12). It now suffices

0

to show that for almost every x, the integral

1/4n
EJ F®HZ o
n 1/n t
Lemma 12 asserts that
F.(t
O _ o

t
for almost every x. Fix such x, given € > 0, there exists an N € N large enough, such that

Fi(#)

< e whenever t < 1//N. Now we have

1/¥n 1/4n
ZJ Fx(t)£<%‘[ ﬂzﬁ-(n—{‘/ﬁ)é%

nJi/n 3" nJym t2 n

whenever n > N. This shows that for almost every x, C,(x) = 0 asn — oo.

Discussions above prove the theorem. O

5 The conjugate Fourier series

We now turn our attention back to s,(f;x), the Fourier series of f. Now we define the

n
conjugate Fourier series §,(f; x) of s,(f;x) = a9/2 + Z(ak cos kx + by sinkx) defined through
k=1

n
$.(f;x) := ) (ag sinkx — by cos kx).
k=1

We have
5.(f;x) = L r £ ( ™ sin k(x - t)) dt.
T J—r k=1

Similarly we may define

Definition 37 (conjugate Dirichlet kernel). The conjugate Dirichlet kernel D, is the kernel
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defined by
cos(t/2) —cos(n+1/2)t
2sin(t/2)

D,(®) := z”: sin (kt) =
k=1

For simplicity, in the discussion below, we use the notation

(x+t)— f(x—1) (x+t)+ f(x—1)
ot o= D ZIED -y o L D)
to denote the odd part and even part of the function f(x +1t) = f,(¢). Recall that Dini’s theorem
(Theorem 21) states that if
g +0)+ f(x—1)—2
J fe++ fx——2f@)|

0 t

>

then s, — f(x). Similarly, we want to find some sufficient conditions that the series 5, or 5} are

convergent, where 5 is defined as (5, + §,_1)/2.

Note that

T T

5,0 = 2 j FOB, Gx - e = -2 j FGe+ DDAt

N cos(t/2) —cos(n+1/2)t
2sin(t/2)

- _EJ (W) + ¢ (D))D,(t)dt = —EJ P (8) - dt.
T Jo T Jo

Some simple calculations give

2 J” U, (H)dt L2 J” 1, (t) cos (nt)dt

" R _ 4 z
$h(x) -—2(3n+sn—1)(x)_ w)y 2tan(t/2) )y 2tan(t/2)

5,00 = 100 =3 =500 = 2 | a0 cos

i t)dt
If we assume that the integral J M

exists, then by Riemann-Lebesgue Theorem
o 2tan(t/2) y &

(Theorem 19), we have

J T 4, (t) cos (nt)dt .

o 2tan(t/2)

as n — oo. Thus, in this case,

and J” Uy (t) cos (nt)dt — 0
0

- 2 g be(t)dt
) = =2 L 2 tan (t/2)°

T
B)dt
So, it is intuitive to study whether the integral J, L exists. However, this integral

o 2tan(t/2)
might not exists (See Theorem 38). Luckily, we can consider the principal value of the integral,
T flx+t)— f(x—t
that is, the limit lim 1 J fae+t) — flx 1)
e—0" T Je 2tan(t/2)
provided that f € L[, x].

dt. In fact, later we will see that the limit exists

Theorem 38 (Lusin’s Theorem). There is a continuous and periodic function f € C[—oo, 00|

32



such that

+00

r |f(x+t)—f(x—t)|dt:
0 t
for every x € [—m, x].

Remark. Since this theorem is not covered in class, we will not give the proof here.

Now we can define the concept of the conjugate function.

Definition 39 (conjugate function). Given f € L!. We first consider the truncated conjugate
function. Given 0 < € < 7, let

Jz(x):_lJ'”f(x+t)—f(x—t) 1J f(x+t)d

dt = — )
e<lti<r 2tan(t/2)

T )e 2tan (t/2) 7

Then we define the conjugate function fby

J”f(x+t)—f(x—t)d

. zwn@/z

T = tim -1

e—>0t T
It is clear that if the singular integral

1 (" flx+)— f(x—1)
_EL 2tanG/y

exists, then
o T+t~ flx 1)
fe=-2 Jo 2z

Remark. There are some books calling the map

1 [T f+ - fx—1)
f@) = He f(x) '—_;L 2tan (t/2)

dt and f(t)— Hf(x)= lirgl+ H, f(x)

truncated Hilbert transform and Hilbert transform, respectively.

Now our objective now is to show that the conjugate function exists.

Theorem 40. Suppose f € L', then for almost every x,

G2(x) = fi/n(x) > 0

asn — oo,

Here 6, denotes the conjugate Cesaro summation of the Fourier series. More precisely, it is

defined by the conjugate Fejer’s kernel

1 (Zn: cos(t/2) —cos(n+1/2)t

K@) :=

n+1 2sin(t/2) ) ©<l=m

j=0
—sin(n + 1)t
4(n + 1) sin’(t/2)

~ 1 t -1 - . _
=>Kn(t)—5cot5 = e 1)Sin(t/z)];:)cos(ﬁr 1/2)t =
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This gives

=~ 1 t C
K,(t ——cot—‘ < —,
where the tightest C is about 2.47, we just simply use C = 3. We now could give

Proof of Theorem 40. Note that

. ~ t/n ~ 1t
7 (620 = Fipn()) = — L/n Flx+ DR, (t)dt + L/ngmg Fx+1) (5 cot & - Kn(t)> dt.

The remaining estimation is very similar to the proof of Theorem 36. 0J

Corollary. If f € L?[—r, x], then the conjugate f(x) exists. Moreover,

1Az < 1£1,- (4)

Proof. Since f € L%, we have Z e = J|f|2 < oo. Note that if s(f;x) = Z et then

k:—oo k:—oo

[oe]

$(f;x) = Z —i - sign(k) - ckeikx . Write

k':—OO

& = —i-sign(k) - ¢.

Then we have Z |5k|2 < 0. By Riesz-Fischer Theorem (Theorem 15), there is a function g € L?

kez
such that
s(g) = ), &M = 5(f).
keZ
Moreover,
2 .2 2 2
|16 = ¥l < ¥ o < | 117
kez kez

therefore | g[, < | fl,. Since $,(f) = s,(g), 6,(f) = 0,(g). The theorem we just proved (Theorem
40) asserts that

on(f5x) — ﬁ/n(x) -0 for almost every x.

Lebesgue’s Theorem (Theorem 36) asserts that 0,,(g; x) — g(x) — 0 for almost every x. Therefore,

we conclude that

Fim(x) = g(x)

for almost every x.
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Note that for any 1/(n + 1) < € < 1/n, we have

~ L (" fa+ D) = flx—1)
F - Fipt <2 L(M oD
1 1 1/n
=% Ztan(/2011 1) L/(,,H) et 8) = fc=Dldt ®

1/n
g”“J G+ D) dt.
n

T -1/

By Lebesgue’s differentiation theorem, we obtain that for almost every x,
JeG) = fim(x) = 0.

This shows that
Fx) > g

for almost every x. The inequality (4) can be seen from the fact that g = ]?almost everywhere
2 2
[16° < [

We now introduce a new function called Hardy-Littlewood maximal function.

and

Definition 41 (Hardy-Littlewood maximal function). Given f € L'(R), define its Hardy-

Littlewood maximal function
h

f7(x) = sup L Ll |f(x + 1) dt.

h>0 2h

By Lebesgue’s differentiation theorem, f*(x) > f(x) for almost every x.

Also, we shall write o*(f; x) = sup |0, (f; x)| to denote the maximal arithmetic mean (Cesaro
n>0

sum) of Fourier series. When f € L!, 6*(f;x) exists almost everywhere, since g, — f almost

everywhere.

Theorem 42. The following statements are true.
1. For1 < p < oo, we have ||f*||p <Cp- ||f||p, where C,, = C(p) is a constant.

2. mx : @I >ah < 2 {17}

The proof is not covered in class, hence it is omitted here. However the next theorem help

us to establish some relation between f*, * and f.
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Theorem 43. There exists c > 0 such that the following statement are true.

1 o*(x) <c- f"(x) forall x.
2. sup ‘&n(x) — ﬁ/n(x)‘ <c- f*(x) for all x.

n>1

Proof.

T

1. Recall that ,,(f;x) = 1 J f(x + )K,(t)dt. If n = 0, then it is clear that
T J-m

T

o fi0l < o | 1fGe+ Dlde < 7o
T

—JT

Forn > 1, let

[ serok@a g ok
0<lt<1/n 1 /n<ltl<n

Then,

g1 (M7 nel n V"
a, < J | f(x + )| dt < -—-J [f(x + 1) dt < 2f*(x).
2 Joam no 2 Joam
t
The inequality (V) holds by Proposition 4. Let L(¢) : = J | f(x + u)| du be a function of t. Then
—t
by the definition of maximal function, L.(¢)/t < 2f*(x). Now, it follows by Proposition 4 again,
we have
2 T t —t 2 T I
<% J fa+ol+lfx-0l J L@®)
2(n+1) Ji/n £2 2(n+1) Jim t2
_ 72 <Ix(7f) _ L(1/n) 49 J” x(t)dt)
2n+ 1)\ 72 1/n? in 13

<§+7T2>f*(x)+ m? J” L(t)

n+1 1/n t3

dt

(Integration by parts.)

dt

IN

T % b . d 1
< <§ +7?) f(0) + T 2f (x)L/n S
< (% + 3n2>f*(x).
We conclude that |o,,(f; x)| < ¢+ f*(x) for some positive ¢ not depending on n.
2. The proof of this statement only need some minor modifications in the last statement and

in the proof of Theorem 40. Hence we omit the details.

Theorem 44. Let f € L? and define

dt|.

FfPx) = sup [f(x)| = sup

0<e<rm 0<e<r

1J”f(x+t)—f(x—t)

). 2tan (t/2)
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Then
IfSly <c-lfl,,  for somec>o.

In the following discussion, we will replace the symbol fC)(x) with g(x) to avoid misunder-

standings.

Proof. We claim that there is a constant A > 0 such that
@] <A (£ @)+ (D).
for all 0 < € < 7. We first consider the case of € € (0,1/2]. Choose n € N such that 1/(n + 1) <

€ < 1/n. Then, by inequality (5), we obtain

|fe0) = fiyn()] <

n+1
T

2 < 2f )

The second statement of Theorem 43 states that sup ‘5‘n(x) - ]?{ /n(x)‘ < k- f*(x) (for some con-
n>1

stant k > 0), thus we obtain

fix) < (e + 2) F*(x) + |5, ()]
< (k +2)f"(x) + sup |6,(x)|

nelN

< Gk +2)f () + - ().
We now consider the case of € € [1/2, x]. In this case, we have

ool < | Seert)

1/2<t|<r |2 tan (¢/2)

dt < ZJ |f(x +t)|dt < 4 f*(x).
o<|t|l<m
Combining the above two inequalities proves the inequality we claimed, that is,
@ <2 (F@) + ().
Now we have

170 < (I 2+ 1£71) < CA (Il + 1£1) < 2GA1f,.

where C, is the constant mentioned in Theorem 42. [

Now we are going to prove the Calderéon-Zygmund Lemma, which is useful in proving the

existence of conjugation in L'.

Lemma 13 (Calderén-Zygmund decomposition). Let O be a compact interval. Assume f €

L}(Q)and f > 0. Given & > 1 J f. Then there exists a sequence of non-overlapping open

101 Jo
intervals {Qy};_, such that

1. a < LJ' f < 2a, for all k.
1Okl Jo

2. f(x) < a, for almost every x € Q \ | | O.

37



1
. Sld<y ] 7

Proof. For any interval I C Q, we said

I is a type (i) interval if m J f>a

I is a type (ii) interval if — N J f<a
Suppose Q = (a,b), then let
I,Em) <a+ (b a),a+m(b—a)> m=1,..,2"
oh

(m

Now we explain how we choose {Qy};_, from these Ik ) First, we select all type (i) interval in
{L (1) II(Z)} Suppose the process has been executed h rounds and k intervals have been chosen.

(m)

Then we now choose all type (i) interval of the form I, ] such that
(m) ¢
m
N |_| Q=0
=1

In other words, we can use the following way to describe the process. We first divide Q
equally into two open intervals Q; and Q,, where 1, r stands for left and right. In {Q}, O,}, we keep
all type (i) intervals and divide all type (ii) intervals into two pieces, and repeat this process. If
Q is of type (i), then

1 1ol 1
“<|Ql|Jgf ol IQIJf_

@Jf“‘

This inequality ensures that we can repeat the process that keep dividing type (ii) interval into

If O is of type (ii), then

two pieces. Thus we can gets a sequence of disjoint intervals {Qy}7” ; (possibly a finite sequence).

If x € O\ | | Ok and x is not an endpoint of any I}Sm), then there are monotonically decreasing

type (ii) intervals I;(la(h)) (a(h) = a,(h) is a function of h and x.) such that [°"*Y) ¢ I @) and

h+1
I,Sa(h)) shrinks down to x. By Lebesgue’s differentiation theorem, we have

1
lim—J f=fx)<a
h—c0 ‘ I}Ea(h))| ™
for almost every x € Q \ | | Q.

. . . . 1
It now remains to show our choices of {Q)} meet the third requirement. Note that — J f>
@ Jo

|Ok| since L J f > a. Thus,
10kl Jo,

SAREDNCY
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This proves the theorem. [

T

Remark. Given a non-negative function f € L'[-r, x]. Fix a > Zi J f. Apply Calderén-
)
Zygmund decomposition theorem (Theorem 13) to f, we then obtain countable disjoint in-

tervals {Q} such that three requirements are met. We can define g € L[, 7] by
f(x) ,leE[—ﬂ',ﬂ']\UQk

gx) =1 1 .
@JQkf ,if x € O

We then define h € L[z, 7] by h := f — g. It is clear that g(x) < 2« for almost every
x € [-m,x]. f= g+ his called the Calderén-Zygmund decomposition and the function g
is often called the “good” part of the function f and h is called the “bad” part.

Before proving the existence of conjugate function in L', we shall prove another useful

lemma.

Lemma 14. Let F be a closed set in [—, 7] and let

d(x) = dist(x, F) = inf |x — y]|.
yeF

Then for all A > 0, the function

T SMy)
1+A

My(x) := J

7 |x —y|

dy

is finite for almost every x € F.

Proof. It is clear that

A
My(x) := J' Mdy, where G = [—x, 7] \ F.

Glx -yl

A Tt N [y 2 2m(G)
chS ) <2J5(y) t”/l)dy_JG§ W) )L5’1(y)dy_ A

We can exchange the order of integration at the second equality because of Tonelli’s theorem.
This inequality shows that M, (x) is finite for almost every x € F (M, € L}(F)). O

Then

We now can prove the following theorem.

Theorem 45 (The existence of conjugate function in L!). Let f € L[-m,n]. Then the

conjugate of f exists. In other words, the limit lirr(l) fo(x) exists for almost every x € [—m, x].
€E—>
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Moreover, the Hilbert transform is weak (1, 1), that is,

o ¢ [HFGO| > a)] < 9[ f
& J—g

for some constant C.

Proof. We first prove the existence of the conjugate function. Without loss of generality, assume
f > 0. We have defined the Calderén-Zygmund decomposition of f. Let f = g + h be the
decomposition, where g is the good part of f and h is the bad part. Since g € L®[-n, 7] C

LZ[—n’, ], it follows from Corollary 5 that g exists. We now show that h exists.

Given € > 0. Let QO := 2int(Qx). (For an open interval I = (r,s), we write 2I to denote
the interval ((3a + b)/2,(a + 3b)/2).) Also we use Q" to denote the open set U Qp and P* =

[—7, 7] \ O*. We now claim that h(x) exists for almost every x € P,
Let x € P* be fixed. Recall the definition of h, we have
0 Jift € [, 7'[]\|_|Qk
h(t) =
- = j foifreg,
Okl
Hence h vanishes outside | J Q. Let A, B be subset of N defined by
A:={ieN:QOn(x—€x+e¢) =0}
B:={ie N: Qni{x—ex+e}+ o}

Then
27 - ile(x) = L<|x_t|<” h(t) cot < 5 )dt
= l;qj h(t) cot ( )dt + EZ}; J h(t) cot ( )dt

We now estimate the second term. If some Q. contains x + €, then € > dist(x, Qr) > di/2, where
dy. is defined to be |Qk|. (If the inequality does not hold, then x ¢ P*.) Then

x+e+d; 9 x+3€ 2e
J h(t)‘d J WD) dt = 2 J IhCx + 1) dt.
Ok x+e € Jo

h(t) cot( 5 >‘dt < J
x+e

By Lebesgue’s differentiation theorem,
J h(t) cot( >dt — |h(x)|=0,ase > 0
Ok 2

for almost every x € P*.

Now we give the estimation of the first term. Let k € A. We also write d; = |Q| and let
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denote the midpoint of Q. Note that J h(t)dt = 0. Therefore,

Ok
x—t _ x—t\ X — I
IQ,C h(t) cot (T)‘dt = JQk h(t) <C0t<T) cot( 5 ))‘ dt
B sin ((t — %)/2)
B ,[Qk h(e) sin ((x - t)/2) sin ((x tk)/2) at
[ 0] B
4 Jo, Isin ((x —1)/2)| - |sin ((x — #)/2))|
< 27‘[2dk
S Gon)? JQk |h(t)| dt.
2 |x|

The inequality (<) holds by |sin x| > — for all x € [-x/2, 7/2] and the fact that
T

1 3
5|x—tk|S|x—t|£5|x—tk|. (6)

Observe that
f) ——

|h(d)|dt < I
JQk O |Qk|
Now let 8(¢) = dist(¢, P*). It is clear that 6(t) > di/2 for all t € Q. Summarizing the results

obtained above, we have
8ar’d |Qc| _ _16an? J
Ok

‘[Qk (x—t)? ~ (x—1)?

Here we have used the inequality (6).

dt<2j f(t)dt<z|Qk||Q|j f < 4alQl.

h(t) cot (xT—t)‘ dt < 8(t)dt < 36an® J (t)

Ok |x—t|

By Lemma 14, we have

hm J ‘h(t) cot( 5 )‘ dt < 36an? lim ZJ 5(t) < JQ* o) 2dt < o

€0 i €07 /22 J0 |x — t| lx — ¢

for almost every x € P*. Thus h(x) exists for almost every x € P”.

However, it is worth noting that the closed set P* might be larger when « becomes larger.

Therefore it now suffices to show that

|P*| - 271 as a — o,

/3
< EJ f—0
& J-n
We now show that the Hilbert transform f — f is weak (1, 1). It is clear that

x o |fe0l > af S fx ¢ [3(0)| > a/2}Ufx ¢ [h(x)] > /2

It follows by the fact that

01 =[\Jot| <

as a — o9,
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Firstly, we have

mit gl > e/ < 5 18 <5 1o < 2 <2 [ 151
Now let S := {|x| > a/2}. Then it is clear that S = (SN P*) u (SN Q*) (P* uQ* = [-x,x]). By
the requirements of {Q},
msn@) <m@) <2 Flod < 2 [ifl.

We have just shown that

o(t)

|x — |

|h(x)| < 36a7t2j Sdt := 36ar? M(x)
Ok

for almost every x € P*. Thus, for almost every x € SN P*,

XE{p M(p) 2 721 2}

In other words, we have SN P* C {p : M(p) > 1/727°} except for a zero set. We conclude that
2 *
m(SﬂP*)SlJ x)dx < |Q|§ij|f|,
A Jps A " A-a

where A is the constant 1/727%. (The second inequality holds by Lemma 14.) This completes
the proof. O

6 Fourier transform on R”

Definition 46 (Fourier transform). Given f € L. We define its Fourier transform f(f ) by

f(.f) i= J}Rn e 2mix.5) f(x)dx,

where (&, x) is the standard inner product on R".

Proposition 5. The following statements are true.

1 f+g=f+g&
2. c/}‘ = cﬁ where c is a constant.

3. If f € L'(R?), then ]?is continuous.

Proof. The first two properties are trivial. To show f is continuous, we consider the difference

I +h) - F©)
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By the definition and the inequality ‘eie — 1‘ <60,

e+ = Fol =] fee e (e 2 — 1) ax

< I | f(o)| min {27 - |k - |x|, 2}dx
]Rn
Given € > 0, there is M > 0 such that
J | f(x)|dx < e.
|x|>M

This implies that

J | f(o0)| min {27 - |k - |x]|, 2}dx < 2e.
|x|>M
Note that
J | f(x)| min {27 - |h| - |x|, 2}dx < 271'MJ
|x|<M

|xl<

[fGol - [hldx <€
M

when h is small enough. Therefore, for small enough h > 0, we have

(€ +h) — F©)] < 3e.

This completes the proof.

]

| Theorem 47 (Riemann-Lebesgue Theorem revisited). Let f € L?, then If(é')l — 0 as|é] — oo.

Proof. Use the substitution x = y + in the integration, then we obtain

2|

N
2

for= | e foan = | eamone e g (y R L) &,

2)¢)”

Thus, we have

f(g) _1 J o—2mi{x.£) (f(x) —f (x n L)) dx.

2 Jr 2|

By the continuity of L! functions, we conclude

fOl>0 as  |g] > o.

This completes the proof.

O

arguments and made the theorem true for functions f € LP(R).

Remark. It is worth noting that the continuity of L? functions (Theorem 29) only holds

for functions in LP[—r, 7], however some slight modifications may apply to the original

frgt)= | st~y

Definition 48 (Convolution). Given two functions f and g. We define f*g to be the function
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Proposition 6.
L frg=f&
2. Letn € R". Definet, f(x) := f(x —n). Then
0, f(€) = 2N f(E),
3. 209 £(8) = 5, f(©).

1. (DUF)E) = (2mit)* ().
5. (=2mif)* f(¢) = D F(&).

J

Proof. We only prove the first statement. The second and the third statement can be seen from
direct calculation, and the fourth and fifth statement can be seen from performing integration
by parts on the integral. Note that

o —

Foe@= | fra@etedae= [ | forgr—yeticDayax
(] 10000y (| ex - ypetmterian) = o) 40

This proves the first assertion. [

Lemma 15. Let f(x) = ¢’ Then f(g) _ el

Proof. We shall only give the case of n = 1. By Proposition 6, we have

FY @ = (~zrix- &) = (~2rixe ™)) =i (©)
= i(27i) f(£).
This implies that
() (©) = ~2nEf(©).

Solving this differential equation gives us f(«f) = ce™™’ where ¢ € R is a constant. We could

obtain ¢ = 1 by considering ]/‘\(0). Similar arguments hold for general n € IN. [

We now could introduce the concept of the inverse Fourier transform. As the word implies,

we later shall show that this is the inverse of the Fourier transform.

Definition 49 (inverse Fourier transform). Given f € L'. We define the inverse Fourier

transform ]?of f by
foo = | e e,
]Rn

~

Theorem 50 (Fourier integrals theorem). Suppose f € L' and the Fourier transform ]/C\of f

exists in L'. Then ]/‘\: f= falmost everywhere.
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Before we prove this theorem, we shall prove some useful lemmas.

Lemma 16. Suppose f, g € L! and the Fourier transforms j?, g of f, g exist. Then

| 7e= | re

Proof. 1t follows by

[ Fos@as=[ [ ewmed fangone = | roogeoux

It is worth noting that the second equality holds by the Fubini’s Theorem. [

Lemma 17 (Minkowski’s inequality). Let 1 < p < co. Suppose f : R* xR" — Risa
measurable function, then

(L (L esae) o) "< [ ([ sceeas) "o

Proof. We may assume f > 0. The left side to the power of p is

Vo= [ ([ sma) av=[ ([ sema) ([ senax)a.
R’ R’ R’ R’

Let F(y) := J f(t,y)dt. ThenI = J F(y)P~! f(x, y)dydx by Tonelli’s Theorem. Applying
n IR”

1/p

Holder’s inequality, we obtain

< o) ([ v o

(J v ([ s o

= (J \ (LR fCx, y)dx)p dy)(p_l)/P : J n (J}R f(x, y)de>l/p dx.

1/p
This implies that I'/P < J (J f(x, y)pdy> dx, which proves the lemma. O
n IRn

Lemma 18. Let ¢ € L! such that J lp(x)|dx = a. Suppose f € LP (1 < p < ), then

If «@—afl, >0 as 10,

where ¢;(x) :=t"@(x/t). In other words, f * ¢; — af in L?.

Proof. Note that
fro)=afC) = | (=)= S ey
- | G- fenp@az =y
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We now apply Minkowski’s inequality (Lemma 17), then we can see that
» 1/p
If *oi=afly = (| 1 +000 - arGol ax)
p 1/p
dx)

<[ ([ 1= geon oo as) ez

~lsf = fly- | W@z
=a-ln.f ~ fl -0

We have used the fact that the translation is continuous in L?, that is,

B (Lz UR (f(x —12) = f(x)) p(2)dz

lzf=fl—-0 —as t—0

forany f € LP. Infact, we have proved this before, for more information, please refer to Theorem
29. It is worth noting that some modifications of the proof need to be make since the proof only
shows the case of f € LP[—x, x], f € LP(R") is not included. H

We now can give the proof of Theorem 50.

Proof of Theorem 50. Let t > 0 be a parameter and let x € R" be fixed. Define

P(&) = exp (Zﬂ'i (x,&) — mt? |§|2).
Then
() = J e 2mEVIg(&)dE
]Rn

B JR,, exp (—2i (¢, y — x) — mt? £ )dE

_ —rlx—
=t "exp —Fz )

We have used the fact that ]/‘\(.f) = a_"/ze_”|§|2/a, provided that f(x) = el Let glx—y) :=

I
t " exp —Q ) Then by Lemma 16 and Lemma 18, we have

J]Rn exp (27i (x,&) — nt? |¢°) f(©)dE = jw f)gi(x —y)dy —> fin L,

ast — 0. Using the Lebesgue’s dominated convergence theorem, we have

t—0

lim Jw exp (2 (x,¢) — mt? |E") f(©)dE = jw lim exp (2 (x, ) — mt? f2) fE)E = ).

We conclude that ||f— flli = 0, therefore f(x) = f(x) for almost every x. O
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Remark. Although this proof seems quite reasonable, there are some details I do not com-
pletely accept. We have shown that f * g — fin L!, and f * g,(x) — f(x) for almost every

x. This does not implies that ||f— fll; = 0. However, this is the note I wrote in class, so I

choose to believe it.

The next theorem associate the Fourier transform and the Fourier series, this theorem is

known as Poisson’s summation formula.

Theorem 51 (Poisson’s summation formula). Given f € @(R"). Then
Y, fa—k =}, floemk
kezr kezr
for all x. In particular, if we plug in x = 0 to the formula, we then obtain

Y =Y f.

kezr kez"

We shall also prepare a lemma.

Lemma 19. If f € L'(R"), then Z f(x —k) converges almost everywhere on [0, 1]. More-
kez®

over, if we let 2 f(x) := Z f(x — k), then 2 f € L'[0,1] and
kezr

12 fllo.a) < 1flpagrey -

Proof. We shall just prove that & f is integrable, then the summation is finite almost everywhere.
Also, we may assume that f > 0. Note that

Jl Z fx —k)dx = Z Jlf(X—k)dx = Z Jkﬂ f(x)dx = J]Rn f(x)dx.

0 rezn kezr J0 kez" k

Now the lemma follows. O

Remark. In fact, I remembered that this is a problem in the final exam of last semester.
Moreover, if f € &@(R") then ) ;e f(x — k) converges for almost everywhere.

Proof of Theorem 51. We apply Lemma 19, we obtain a function & f € L0, 1]. We can compute

its Fourier series.

1
P flko) = J Y, € o fx — Kydx

0 kezn

—k+1
_ Z J e—27ri(k0,x+k>f(x)dx
—k

kez"
_ J e—27ri<k0,x>f(x)dx = ]/C\(kO)
]Rn

It now suffices to show that Z |]/‘\(k)| < oo, If this is true, then we can conclude that the Fourier
kezr
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coeflicients of

Pf o and Y flk)e

kezr
are the same, and thus two functions are equal, namely,

Z fx—k)= Z ]?(k)em(k,x)'

kez" kez»

The claim that Z |f(k)| converges now follows by f € &(R"). O
kezr

7 The discrete Fourier transform and the Roth’s Theorem

In this subsection, our main objective is to prove Roth’s theorem by discrete Fourier trans-

form.

Theorem 52 (Roth’s theorem). Let A C IN be a set of positive integers. If the density of A is

greater than 0. That is

#AN{,2,...,
lim sup { n} =6>0.

n—oo n

Then A contains a three terms arithmetic progression. In other words, there are x,d € IN such
that{x,x +d,x + 2d} C A.

History

In 1980, E. Szemerédi showed the following

Theorem 53 (Szemerédi’s theorem). Let A C IN be a set of positive integers with positive
density. Then for all k > 3, A contains a k-term arithmetic progression. In other words, there
are x,d € IN such that{x,x +d,...,x + (k — 1)d} C A.

This theorem has a lot of approaches. H. Fusterberg proves this theorem by using the ergodic

theory. T. Gowers proves the theorem by using the Fourier transform.

Math

Now we will work on the cyclic group Z,, := Z/nZ. We shall now give some definitions.

Definition 54.

1. We write C%» to denote all complex-valued functions f : Z, — C.

2. The mean of f € C%n is defined by E, f = 1 Z f(x).
n

XE€Z,
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3. For any sets A C Z,,, it induces a natural map A € C% through

1, xeA
A(x) = )
0, x& A
A
It is clear that E, A = U
n
4. The exponential function e,(x) := P

Lemma 20 (Orthogonal property). If ¢ € Z,,, then

=) en<x§>:g

XE€Z,

1, £=0
0, ££0

Proof. If & = 0, it is trivial. Now suppose ¢ # 0, then there exists h # 0 such that e,(¢h) = 1.

Hence
LS ) =1 T e+ = en@ Y en(xb).
n x€Z, n xX€Z, " xEZ,
This shows 1 Z en(x€) = 0. O
XE€Z,

Corollary. Given ¢,&” € Z,,. Then

R 1, =&
By (en(E0en(&) =1 g j g .

Similar to the function space, we also can define inner product on C%n.

Definition 55 (inner product). Let f, g € C%n, we define the inner product of f and g by
(f8) =B (f(8(0)).

Definition 56 (Discrete Fourier transform). Given f € CZn, we define

f&r== 3 f@eat

XE€Z,

to be the Fourier transform of f.

We now could list some properties.
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Theorem 57 (Parseval’s formula). For any f € C%n, we have

s 1/2
(E.1£17) " = ( ) |f<§>2) .

¢eZ,

Proof. The square of right-hand side is equal to

Yofer=Y

2

LY feE

tez, tez, | xeZ,
_ 12 Z ( Z f(x)en(§x))< Z Wen(gy))
" ¢ez, \xez, YEZy
== Y Y % ey )

tez, xeZ, yeZ,

LS T IO Y -0
n x€Z, yeZ, tez,
® 1

n

Y fOf() =E, |7

x€Z,

We used Lemma 20 on (9).

Theorem 58. For any f, g € C%n, we have

E.f(x)glx) = Y. f©zE©.

(€2,

Proof. By direct computation,

3 f©E@ = iz( > f(x)en@x))( D @en@y))
tez, gezn” xX€Z, yeZ,

1

== 3 ¥ @80 Y, ealey - x))

S

x€Z, yEZ, tez,
DLy 150 = Buf 500
x€Z,

We used Lemma 20 on (3).

Theorem 59 (Fourier integral theorem). For any f € C%n, we have

)= f©en(Ex).

(€2,
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Proof. The right-hand side is equal to

2 (% 2, f<y>en<fy>) &)= DY f@IenEentEx)

tez, YEZ, tez, yez,

yEZ, &ez,

=y f(y)(% Y en@(xy)))

D f.

We used Lemma 20 on (%). O

Definition 60 (convolution). Given f, g € C%n. Define the convolution f * g by

fxgx)=E, f(glx-y)= E, g f(x—y)=g= f(x).
VEZ, YEZ,

Definition 61 (support).

1. Given f € C%. Then the support of f is the set supp(f) = {x € Z, : f(x) = 0}.

2. Given two sets A,BC Z,, write A+ B={a+b:ac Abe B}C Z,.

Here we can list some properties of convolution.

Theorem 62. Given f, g € C%», we have supp(f * g) C supp(f) + supp(g). In particular, if
f = A and g = B for some A, B C Z,, then supp(f * g) = supp(f) + supp(g).

Proof. Suppose x € supp(f * g), then there exists y € Z,, such that f(y)g(x — y) # 0. Therefore,
y € supp(f) and x — y € supp(g), and x € supp(f) + supp(g). This shows supp(f = g) C
supp(f) + supp(g). Now suppose f = A and g = B for some A, B C Z,. To show the second
statement, it suffices to prove A + B = supp(f) + supp(g) C supp(f = g). Let x € A + B, that is,
x =a+bfor somea € Aandb € B. Then

frg) = By fElx-y) 2 2A@BG) = -,
yeZ, n n

we conclude that f x g(x) # 0. O

Theorem 63. Given f, g € C%n. The following statements are true:

Lfrg=f &
2. E,(f x g) = (E,f)(E,g).

Proof. Both statements can be proved by direct computation.
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1. It follows by

xXE€Z, YEZ,

F©§) = ( D f(X)en(§X)> ( D g(y)en(fy))

© iz Z Z f(x)g(z —x)e,(E2)

x€Z, z€Z,

Ly (l Y f(x)g(z—x)) en(E2)

z€”Z, xX€Z,

—

= % Z f = g(2)e,(Ez) = f = g(é).

z€Z,

We used the substitution z = x + y on (8).

2. The left-hand side is equal to

=Y X f0e-y) = (% > f(x))(% > g(y)) = (Enf) (Bng).

x€Z, yeZ, XEZ, yEZ,

Discussions above prove the theorem.

We now can introduce the L? and ¢ norm on the function space C%.

Definition 64 (L? and ¢ norm). Given f € C%n. We define the LP(Z,,) norm of f by

1/p
Iflze = ( E, |f(x)|p> ,fort<p<oo

XE€Z,

| flz = sup |f(x)]
xX€Z,

We also can define the £#(Z,) norm of f by

1/p
I fller = ( Z |f(§)|p> ,for1 < p<oo

ez,

[ fllg=e = sup | ()]
gezﬂ

We then have the following lemma.

Lemma 21. Let A C Z,,. Then the following statements are true:

N A
1. Al = A0) = -
1z,
- ~n 1A
2 1Al = 3} VAP = 7
n

(eZy

3. A(¢) = A(-¢).
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Proof.

1. By the definition, A\(.f) =1 Z A(x)e,(Ex) = 1 Z e, (&x). Tt follows that
n n

XE€Z, x€A
~ Al _ 1A
A < — =
no |Zy

and it is clear that A(0) attains the maximum among all A\(f ).

2. By Parseval’s formula (Theorem 57), we have the right-hand side is equal to

LS jaco? =1 = 2

xX€Z, n |Z”|

3. It follows by the definition.

Discussions above prove the theorem. O

To prove the Roth’s theorem on 3-term arithmetic progression, we shall convert the problem

into an equivalent statement which is easier to handle. We first let
s(n) = max{#A : A C[1,n], A has no 3-term arithmetic progression}.

If we can show that
. s(n)
lim —= =

n—oo n

0,

then for any A C IN with positive density, there has to be some 3-term arithmetic progression.
If not, then

#AN{L,2,...,
< { n _ st
n n
By the squeeze theorem, we obtain
#AN{1,2,...,n
lim { } =0

n—oo n

contradicting the assumption of A having 3-term arithmetic progression.

Lemma 22. Let s(n) be defined as above. Then the limit lim @ exists.
n—>oo n

Proof. We first claim that s(n) is sub-additive, that is, s(n+m) < s(n)+s(m). Suppose A C [1,n+m]
does not have a 3-term A.P. Then AN[1,n] < s(n) and AN[n+1,n+m] < s(m), thus A < s(n)+s(m).

Taking supremum among all possible A, we obtain s(n + m) < s(n) + s(m).

, s(n) : :
Now suppose limsup — = a > 0. Fix n € IN. Given k € IN. Suppose k = gn + r for some

n—oo n

0 < r < n (integer division). The sub-additive implies that s(k) < (q + 1)s(n). It now follows that

stk) _ (g + Ds(n) _ s(n)
k qn - on
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and

s(k) S(n)
a = limsup — .
k—o0 n
This inequality shows that
k
lim 1nf@ > a = lim sup Q
n—ee k—>o0
thus limsup 2 = liminf 5 = lim 5.
n—00 n n—) n n—oo n
Now, in order to get contradiction, we assume that lim Q
n—oco n
is N € N large enough such that
c—e<@<c+€ whenever
n

Fixn> N andlet A C{1,...

¢ > 0. Let € > 0. Then there

n> N.

,2n} be a set with no 3-term A.P such that

>(2c—2¢)—(c+e)=c—3e.

R
— >c—¢€
2n
Let Aeyen = A N 2N, namely, the the set of all even numbers in A, then we claim
A
c—3e< M <c+e.
n
It is clear that
s(n
| evenl ( ) + c.
n n
Since A — Agyep 18 a subset of {1, 3, ..., 2n — 1}, thus
A-A
| even| < 3(”) <c+e
n n
therefore
|Aeven| |A (A Aeven)| |A| - |A - Aeven|
n n n

Now suppose A = {uq,us, ...,

Also we write A, to denote the set {v;, , ...

u,} has r elements and Agyepn = {2V, 2w, ...

on A as a subset of the cyclic group Z,,,.

,2v;} has s elements.

,Vs}. The following lemmas will do Fourier analysis

A r
1. A(0) = —.
©0) = -
2. Ala) = = ) eqy (2n).
2n =
1 >
3. = 1; e_gy (21).
A~ —~ 2 i
4. O{;Z: AQ)A, (—a)? = o
2n

Lemma 23. Continuing the notation above, the following statements are true:
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Proof. The first three statements are corollaries of Lemma 21. We now show the fourth statement.

Y, @Al = 2 3D (@) Y e (@) Y g o)
j=1 k=1

QaE€EZ,, n aE”Z,, i=1
l r N N l
=522 2\ 5 2 ety ()
i=1 j=1k=1 a€EZ,,
® 1
:_2#{(5 :k):ul V]_Vk:O}
® 1 s
= —#A, = —
4n? 4n?

The equality (P) holds by Lemma 20 and the equality (?) holds since
U — Vi =V =0 = 2uy; = 2v; + 2v,

implying that {2v;, u;, 2y} C A is a 3-term A.P. therefore u; — v; — v = 0 if and only if u; = 2v; =

2V € Aeven- 0
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