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1 Regular Languages

Definition 1 (Language). Let X be a finite set. Then a string over L is a finite sequence only
consists of elements in X. A formal language L over the alphabet L is a subset of all strings
(over X).

Definition 2 (Length). Let s be a string over L. We write |s| to denote the length of s, that is,
the length of the finite sequence denoted by s.

In this section, we will define three kinds of automata.

Definition 3 (Deterministic finite automaton). A deterministic finite automaton M is a 5-tuple
(Q, %, 6,90, F), which satisfies the following properties:
1. Qis the set of all states. We require that Q is non-empty and finite.

2. Y. denotes the alphabet set of all possible letters used in the input string. We require that

Y is a finite set.
3. 0 is the transition function, which is defined by
0:QxXX—-Q
(9,0) = " =5(,0)
Here g7 is the next state when the machine receive the input o € * at the state g € Q.
4. gy is an element in Q, which is called the start state.

5. F c Qis a subset of Q, which contains all accepted states.
In the following text, we shall write DFA to denote “deterministic finite automaton”.

Definition 4 (Accepted string). Let Mbe a given DFA. We say a string s = ss; -+ s, (of length

n) over X is accepted (recognized) by M if there is a sequence of states

<5]0/ qll ey qn>
such that
g; = 6(gj-1,5;) foralll1 <i<mn,

and g, € F.

Definition 5 (Language of a DFA). Let M be a given DFA. Then L(M) denotes the set of all
strings recognized by M.

Definition 6 (Regular language). Let L be a language over X.. We say L is regular, if there is
a DFA M such that L = L(M). In this case, we say L is recognized by the DFA M.

We shall now define the concept of nondeterministic finite automaton. Although it

seems quite powerful, it is actually equivalent to DFA.
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Definition 7 (Non-deterministic finite automaton). A non-deterministic finite automaton M is

a 5-tuple (Q, X, 6, ¢, F), which satisfies the following properties:
1. Qs the set of all states. We require that Q is non-empty and finite.

2. ¥ denotes the alphabet set of all possible letters used in the input string. We require

that X is a finite set.
3. 0 1is the transition function, which is defined by
0:QxX:— PQ)
(9,0) = Q" =0(q,0)

For clarity, we define £, := £ U {e} and P(Q) is the power set of Q. Here Q™ is set of all

possible next states when the machine receive the input o € X at the state g € Q.
4. gy is an element in Q, which is called the start state.
5. F c Qis a subset of Q, which contains all accepted states.
In the following text, we shall write NFA to denote “non-deterministic finite automaton”.

We also need to define what does it means when we say a string over X is accepted by
the NFA M.

Definition 8 (Accepted string). Let M be a given NFA. We say a string s = sy, --- s, (5; € Z¢)

is accepted (recognized) by M if there is a sequence of states

(o, q1, -+ qn)
such that
g; € 0(q;_q,s;) forall1 <i <,
and q, € F.
Then we could prove that DFA is equivalent to NFA in the following sense.

Theorem 9. Let L be a language. Then L is recognized by a DFA if and only if L is recognized by an
NFA.

Proof. Suppose L is recognized by a DFA M = (Q, L, 0,9, F). Let M’ = (Q, L, &, g0, F) be an
NFA, whose transition function ¢’ is defined by
{0(g,0)} ifoel
0'(q,0) = { _ .
ifo=¢€
It is clear that L(M) = L(M').
Now suppose L is recognized by an NFA M = (Q, L, 9, 4o, F). Now for each state g € Q,
we define its E(g) be the set

E(g) := {q} U {the states can be reached from g only by € links.} = U 6® (g, €).
k=0



For each set A € P(Q), we define
EA) = | JE@.
geA
We now can give the definition of DFA that M is equivalent to.
Let M" = (P(Q), X, 6", E(qo), F’) be a DFA whose all possible states are P(Q), the start
states is E(qp), and all the accepted states F' = {X € P(Q) : XN F # @}. It now remains to deal
with the new transition function ¢’. We define

5'(4,0) = | E((q,0))

geA

foreach A € P(Q)and o € L.

We have to show that L(M) = L(M'’), however, this is not covered in class, therefore we
only sketch the proof here. For a string s, we consider all states g, in Q that can be reached
from gy by processing s (with respect to the machine M). We claim that {all possible g} is the
terminal state after M’ processes the string s. This can be proved by performing induction
on the length |s| of s. O

Definition 10 (Regular operation). Let Ly, L,, and L are formal languages. Regular operations

are the following three operations:

1. L1UL2:{S:S€L1 OrSELz}.

2. Ll OL2 = {St:S ELl anthLZ}.

3. L"={s:s =010p---0,n >0and o; € I}. In other words, L" is the language generated
by L.

This is the definition covered in class, more formally, we may say a (binary) map

(L1, L) = @(Ly,Ly)

is a regular operation if ¢(L;, L,) is a regular language whenever both L; and L, are regular.

Similar definition can be extended to unary or even ternary operators (maps).

Theorem 11. Regular operations preserves the reqularity of languages, that is, if languages Ly, L,,

and L are reqular, then Ly U Ly, Ly o Ly, and L* are both regular.

Proof. We might assume that both languages are using the same alphabet set, otherwise
we may consider the union of those alphabet sets. Suppose M; = (Q1,L, 01,51, F1), My =
(Qo, %, 0,5, F), and M = (Q, L, 0,s, F) are NFAs that recognize Ly, L,, and L, respectively.
We may also assume that Q;, Q,, and Q are pairwise disjoint. Now consider a new NFA
Man = (Quns X, Oun, Sun, Fun), where

1. Qun = Q1 UQy U {s,,}is the set of states.

2. sun is the start state.



3. Fun = F1 UF, is the set of accepted states.

4. b, is the new transition function defined by
0i(q,0) ifqgeQ; (i=1or?2)
Oun(q,0) = 151,82} ifg=synando =€
@ otherwise

It is clear that L(M,,) = L1 U L,. We now let M., = (Qcat, 2, Ocats Scats Feat), Where
1. Qcat = Q1 U Q, is the set of states.

2. Sqat = Sq is the start state.
3. F.at = F, is the set of accepted states.

4. b4 is the new transition function defined by

(9,0) ifge Qi \Fy

, ifge
Seld, ) = 2(g ifgeQ,

(

(

N

1

Y
Q
A —

01(g,e) U {sy} ifgeFy ando=e

01(g,0) otherwise

It is clear that L(M,) = L1 o L,. We now consider the NFA M, = (QU {sy}, L, 0., s., F.), where
1. QU {s,} is the set of states.

2. s, is the start state.
3. F, := F U {s,} is the set of accepted states.

4. o, is the new transition function defined by

0(q,0) ifge Q\F
0(qo0)Uls} ifgeFando=¢

0.(q,0) =40(g,0) ifge Fando # ¢ .

{s} ifg=s,ando =€

%) ifg=s.,ando #¢€
It is clear that L(M,) = L*. Discussions above proves the theorem. O
Although the proof is not quite rigorous ——there are still some details need to be han-

dled, we omit the details here.

Definition 12 (Regular expression). We say a language L is a reqular expression if one of the

following conditions are met
1. L=@,orL ={e},or L = {0} for some o € L.
2. L =L, UL,, for some regular expressions L, and L,.
3. L =L, oLy, for some regular expressions L; and L,.

4. L = L, for some regular expression L.



By this definition, it is reasonable to write X.* to denote the set of all strings over .
Theorem 13. A language L is reqular if and only if it is a regular expression.

Before proving this theorem, we might introduce another kind of finite automata, called

generalized non-deterministic finite automata.

Definition 14 (Generalized non-deterministic finite automaton). A generalized non-deterministic

finite automaton M is a 5-tuple (Q, X, 6, g5, 4ac), Which satisfies the following properties:

1. Q is the set of all states. We require that Q is non-empty and finite. We require that
G5/ Gac € Q-
2. ¥ denotes the alphabet set of all possible letters used in the input string. We require

that X is a finite set.
3. 6 is the transition function, which is defined by
5:Q\ 1gac X Q\ () = 7
@i, 9;) = L = 6(gi, )
For clarity, we define .% is the set of all regular expressions over L.
4. gy is an element in Q, which is called the start state.
5. F c Qis a subset of Q, which contains all accepted states.

In the following text, we shall write GNFA to denote “generalized non-deterministic finite

automaton”.
We also can define the concept of accepted strings.

Definition 15 (Accepted string). Let M = (Q, X, 6,45, 9..) be a given GNFA. We say a string

s =515y *:+ S, (s; € L") is accepted (recognized) by M if there is a sequence of states

s =90, 91, 1 Gn-1,9n = Gac)
such that
s; €0(gi_1,9;) forall1 <i < n.

It is worth noting that 6(g,_1, g;) is a language by the definition.

Lemma 1. Let M = (Q, L, 0,4s,9ac) be a GNFA with |Q] > 3. Define a new GNFA M’ =
(Q, %, 8,45, qac) by removing a state gy, € Q \ {95, gac}- More precisely, the new machine M’

after the removal has to meet the conditions:

1. Q = Q\ ).

2. For any two states s,t € Q’, we define
6/(5/ t) = 6(51 t) U 6(51 Qrip) ° 5(%}9, qrip)* © 6(qrip/ t)'

6



Then L(M) = L(M').

Lemma?2. Let M = (Q, L, 6, qo, F) be a DFA. We now define a GNFA M’ = (QU{gs, Gac}, £, 0, s, Gac)
by

{ceX:6(s,0)=t} ifseQandteQ
€ ifs=g;and t =

& (s, ) = tel s o
{e} ifse Fand t = g,
@ otherwise

Then L(M) = L(M’).

Both two lemmas are easy to verify. We now can prove Theorem [I3 with these two
lemmas.
Proof of Theorem [[3. By Definition [2 and Theorem [[T, we easily see that a language is regular
if it is regular expression. Now suppose L is a regular language, then by Lemma [, there is a
GNFA M = (Q, L, ), 45, 4ac) that recognize L. By applying (|Q|-2) times Lemma [, we remove
all the states in Q \ {gs,qa.}. Hence we get a GNFA M; = ({95, Gac}, £, 6¢, s, Gac) Which only
have two states {75, 7.c}. Thus, LIM) = L(M;) = 6¢(qs, Gac) € Z. O

Theorem 16 (Pumping Lemma). Suppose L is a regular language over L. Then there exists p € IN

xy| <p

such that for all s € L with |s| > p, there are strings x,y,z € " such that s = xyz, y| >0,

and
s=xyfzelL  whenever ke INU{O}.

In this case, we call p the pumping length.

Although this theorem is called the pumping lemma, I still label it as a theorem accord-

ing to its importance on solving problems.

Proof. Let M = (Q, L, 6, g9, F) be a DFA that recognize L. We let p = |Q|. Now given any string

s € L with |s| > p. Write s = 515, --+ 5, (s; € L). By the definition, there is a sequence of states

<5]0/ lh/ weey qn>
such that
qi = 6((]1'_1,51') foralll<i< n,

and gq,, € F. Since n > p, it follows by the pigeon’s hole principle that there have to be two

indices 0 < I < r < p such that g; = g,. It is now clear that the sequence

X ]/k z

o —4q1 — 4 — {y

recognizes xy*z, therefore xy*z € L for all k € N U {0}. Note that p > r > I, we obtain |xy| <p
and |y| > 0. [



Corollary. Given a language L over X. If for all p € N, there exists a string s € A with |s| > p
such that for all x, y,z € X" satistying s = xyz,

y| > 0, and |xy| < p, there is a k € N such that
xy*z ¢ L. Then we may conclude that L is not regular.

2 Context-Free Languages

Definition 17 (Context-free grammars). A 4-tuple G = (V, X, R, S) is said to be a context-free

grammar if the following conditions are met:

1. V is the variable set. We require that V is finite and non-empty.
2. Zistheterminal alphabet set. We also require that X is finite, non-empty and VNX = @.

3. Ris the rules of the grammar. R is a finite subset of V x (V U L)*. If (v, s) € R, it means
we can replace v € V with the string s when we make up a sentence. We often write

v — sfor (v,s) € R.

4. S € V is the start variable.
In the following text, we shall write CFG to denote “context-free grammar”.

Definition 18 (Context-free languages). Given a context-free grammar G = (V, %, R, S). Con-

sider a string of the form uAv, where u,v € (VU L) and A € V. We write
uAv = uwov (we (VUL

if (A, w) € R. In this case, we say uAwv directly yields uwv (with respect to the CFG G).

Now suppose we have two string u, v over (V U X). We write u = vif u = v or there are
some u; € (VUL) (1<i<mn,nelNU{0}) such that

UD UL D Uy = - DU, = 0.
We now define the context-free language L(G) of the CFG G is the language
lweX*:S = w}.
We shall write CFL to denote “context-free language”.
We now give an example of a grammar.
Example 19. We consider the grammar
(expr) — (expr) + {expr) | {expr) X {expr) | ({expr)) | a,

where {expr) is the only variable (therefore it is the start variable) and a is any terminal character. It



is clear that a X a + a has two ways to generate, as follows:
(expr) = (expr) + (expr) = (expr) X {expr) + {expr)
= a X {expr) + {expr) = aXa+{expr) =>axXa+a
(expr) = (expr) X {expr) = a X {expr)
= a X {expr) + {expr) = aXa+{expr) =>aXa+a

People would like to interpret the first expression as (a X a) + a and the second as a X (a + a) according

to the approach we generate the sentence (string).

This example shows the concept of ambiguity, in general, if a sentence can be generated
by two different ways, then we may say the sentence is ambiguity. More rigorously, we have

the following

Definition 20 (Ambiguity). Let G be a grammar. Wesay S = 1y = 1y = 1y, = -+ = u; is
a leftmost derivation if for each u; = u;,1, we only replace the leftmost variable with a string

over V U X by the rules R. A string s € L(G) is said to be ambiguous if there are two different

leftmost derivation S = 5. A grammar G is called ambiguous if there is a ambiguous string

s e L(G).

Definition 21 (Inherently ambiguous). We say a context-free language L is inherently ambigu-

ous if for any CFG G that generates L, G is ambiguous.

2.1 Chomsky Normal Form

In this subsection, we discuss a simpler grammar called Chomsky normal form. Later

we will see that each CFG is equivalent to a Chomsky normal form.

Definition 22 (Chomsky normal form). A CFG G is said to be in Chomsky normal form if every

rule is of the form
A — BC or A — o,

where 0 € T is a terminal character and A, B, and C are any variables

except that B and

C may not be the start variable. In addition, we permit the rule S — €.
Theorem 23. Any context-free language L is generated by CFG in Chomsky normal form.

Proof. O

2.2 Pushdown Automata and Context-Free Language

In this subsection, we will introduce another automata which recognize CFLs. To put it
simply, a pushdown automaton is an NFA with a stack memory. Strictly speaking, we have

the following



Definition 24 (Pushdown automaton). A 6-tuple M = (Q, X%, T, 6,4y, F) is said to be a push-
down automaton if the following conditions are met:
1. Qis the set of all states. We require that Q is non-empty and finite.

2. X denotes the alphabet set of all possible letters used in the input string. We require that

Y. is a finite set.

3. T denotes the stack alphabet set of all possible letters used in the stack memory. We

require that I is a finite set.

4. ¢ is the transition function, which has the domain and co-domain as
O0: QXL XTI, > PQXT,)

where (9%,9’) € 6(g, 0, y) means that if the current state is g, the input is 0 and the top of
the stack is y, then one of the possible operation is move to the state 4* and change the
top of the stack from y to y’. If (4%,9’) € 6(g, 0, ), we often write the transition g — g*
with ¢, — 9’ to denote the link.

5. gp is an element in Q, which is called the start state.

6. F C Qis a subset of Q, which contains all accepted states.
In the following text, we shall write PDA to denote “pushdown automaton”.
Similarly, we have

Definition 25 (Accepted string). Let M be a given PDA. We say a string s = sys, -5, (s; is
possibly €) over X is accepted (recognized) by M if there are a sequence of states (qq, g1, - , 7u)

and two sequence of characters (a4, ..., a,) and (by, ..., b,) such that
1. g, € F, namely, the final state is accepted.
2. (qi,b;) €0(gi—1,5;,a;) foralli =1, ..., n.
3. There exist strings wy, wy, ..., w, € I'* such that
w;_1 = a;t; and w; = b;t;
foralli =1, ..., n. Note that it is possible that a; or b; is e.

Definition 26 (Language of a DFA). Let M be a given PDA. Then L(M) denotes the set of all
strings recognized by M.

Lemma 3. Let M = (Q, %, T, 6, 99, F) be a given PDA. Then there exists a PDA M’ recognizing
the same language as M such that

1. |F| =1, that is, there is only a single accepted state.
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2. The stack is empty before accepted. That is, we added another constraint
Wy =Wy, =€
on the requirements of the sequences (g;), (4;), and (b;) in Definition P5.

3. Each transition is a pop or push operation. Thatis, if (%, ") € 6(g, 0, ), then we require

that exactly one of the character {y, )’} has to be €.

Theorem 27. A language L is a CFL if and only if L is recognize by a PDA M.
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