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I'wrote this note because I often found that I could not remember many important theorems
when I was studying Linear Algebra II, and my teacher did not choose a reference book for the
next semester. The main reference is Professor Ming-Lun Hsieh’s video [B], and the famous
linear algebra textbook [2].

The content now covers most of the quotient space, dual space, and inner product space,
even more than in “Linear Algebra”[2], like Hilbert space. I have tried to keep the proof as

concise as possible, and I have also omitted all the examples.
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1 Quotient and dual spaces

1.1 Quotient space

Definition 1 (Quotient space). Let V be a vector space and let W be its subspace. Define an
equivalence relation ~ on V such that
Vi~V ifvl —V € w.

It is easy to verify that ~ is indeed an equivalence relation on V. For each v, € V, define
[w] = {v €V : v ~ y} the equivalence class of vy. Then, {[v] : v € V} is called the quotient
space V/W.

Remark. The quotient space V/W is equipped with a natural linear structure, namely,
[vi] + [w] =[v +v], forallv,v, €V
c[vi] = [ev ], forallvy e Vandc e F

Although it is crucial that we shall check these natural addition and scalar multiplication are

“well-defined”, we omit here.

Definition 2 (Quotient maps). There is a natural surjective map
T:V-o>V/W
v [v]

which is called the quotient map. Moreover, it is a linear transformation.

Remark.
kerr={veV : x(v)=[0]}
={veV: [v]=[o]}
={veV:v-0eW}
=W.

Corollary. It follows from the dimension formula that dimp V/W = dimpV — dimp W when-

ever V is finite dimensional.

Here we give an alternative proof without using the dimensional formula. Since V has finite
dimension, let & = {wy, wy, ..., w,} be a basis of W and extend & to & = {wy, ws, ..., w,} a basis of V.
We claim that {{[w,,1], ..., [ws]} is a basis of V/W. To see this, we shall show that:

1. The set {{ws;1], ..., [w]} generates V/W.
Suppose [v] € V/W. Let v = ¥._, ayw;, then



2. {[wss1], ..., [w-]} is a linear independent set over F.

Suppose Zir:sH a; - [w;] = [0], for some ¢; € F. Then,

r N
= Z aw; = Z Bjw;, for some f; € F.

i=s+1 j=1
We conclude that ¢; are all zeros, since & is a basis of V.
Discussions above show that dimp V/W = r —s = dimpV — dimp W. Now, we shall study some

properties about the quotient space V/W. The next theorem characterize the quotient space V/W
by the following universal property.

Theorem 3. Let T be a linear transformation from V to U, such that ker T contains W, namely
W C kerT. Then, T factors through r uniquely. That is, there exists a unique linear transformation
S : V/W — U such that

T=Som.

Proof. Define S : V/W — U by

S(IvD) = T(v).

We first show that S is a well-defined map, namely, if [v] = [v], then T(v) = T(v"). Note that
[v] = V] = v—-+v € W C kerT, we conclude T(v) = T(v"). By definition, S is a linear

transformation and S o 7 = T. The uniqueness of such S follows from the surjectivity of . [

Theorem B implies that the following diagram commutes.

v

g
S

V/W

Remark. The quotient space V /W with the quotient map 7 is the unique vector space satisfying
the theorem. That is, if we are given 7" : V — V’ satisfying the property: for every linear
transformation T : V — U with W C kerT, there exists a unique S : V' — U such that
S’ o’ =T. Then, V' = V /W uniquely.




Proof. From the assumptions, we have
AS:V/W >V’ suchthatn’ =Seorx
NS V- V/W,suchthat r = 5" o 7’ '

This shows S §" = Idy/; §’ = § = Idyy (using Theorem B again.) We conclude V/ = V/W
uniquely. [

Corollary. Let T : V — W be a linear transformation. Then,
V/kerT = ImT.

Hence, dimg V /ker T = dimp ImT.

Proof. From Theorem [, we have: there exists a unique S : V/kerT — W, such that T = So 7. It
follows from the surjectivity of 7 that ImS = ImT. We claim that S is injective. Note that

kerS={[v] e V/kerT : S([v]) = 0}
={[vleV/kerT : T(v) = 0}
={[vl]eV/kerT : v € ker T}
= {[o]}.

Thus, S is a bijection. This completes the proof. [

Now, let T : V — V be a linear transformation and let W C V be a T-invariant subspace. Then,

T induce a linear transformation T on V /W define by:
T:V/W->V/W
[v] = [TW)]
This is a well-defined map since
v]=[V] = v—v ewW
= T(v)-TW)=Tv—-v)eWw
= [TW)] = [TG)].
Now, let & = {v;,w,..., v} be a basis of W, and extend it to & = % LI B’, a basis of V. We
have shown that [B"] = {[v] : v € B’} is a basis of V/W. Then, we have

[Tlw]zs *

[T]y =

o ||[T] (%
We thus have
chr(x) = chT|W(x) - chx(x)

mr(x) is divisible by mr| (x) .

Corollary. If T is diagonalizable, then so is T.




The corollary follows from the fact that mr(x) is divisible by mz(x). We next shall discuss the

concept of dual spaces.

1.2 Dual space

Definition 4 (Dual space). Let V be a vector space over F. It is well-known that L(V, F) is a
vector space over F. It is called the dual space of V, and its elements are called linear functionals
of V. We often write V" to denote the dual space of V.

Recall that:

Given two vector spaces V, W over F. Then we have L(V, W) is a vector space over F

and

dimp L(V, W) = dimp V - dimp W.

We conclude that dimp VY = dimp V if dimp V < co. Here we give an alternative proof.

Theorem 5. SupposeV is a finite dimensional vector space over F. Then, dimp VY = dimp V.

Proof. Let B = {v;,w,...,v,} be a basis of V. Let us consider the following linear functionals:

vl-V:V—>F

n
Zai“’i'—’ai
i=1

We claim that BY = {w’, vy, ..., v} is a basis of V. We first show that 9" is linear independent.

Suppose there exist 5 € F such that

then

> B (v) =o.
i=1
This shows
Bi=0, foralli=1,2,...,n

Next we show that %" generate VV. Given £ € VV. Then, from the linearity of £, we have
n
t=> 0w .
i=1

We conclude that %V is a basis of V. O

Remark. The basis 3" is called the dual basis of &.

Given a linear transformation T : V — W, it induces a linear transformation TV : WV — VV



between dual spaces defined by:
V()W) := 4T(v)), fore e WY andv e V.

It is easy to verify that TV is a linear transformation.

Theorem 6. Let V,W be two finite dimensional vector spaces over F. Let o/ = {v;,w,, ..., v,} and
B = {w1, Wy, ..., Wy} be bases of V_and W, respectively. GivenT : V. — W. Then,

[Ttz = [TV]gv v

Proof. Let A :=[T]y g = (@j)uxn and B := [TV] v v = (Bij)pxn- From the definition, we have
m
T(v) = ) ayw
i=1
n
TV(‘WZ-V) = Z bji\)}y
j=1
Then,

bii = TV (W )(v) = w'(T(w)) = w’ <Z aijw,-) = ajj.
i=1

This proves the theorem. O

Theorem 7. LetV be a vector space and let W C V be a subspace. Then,

V /W)Y = {’Z evVV :wc kerf}.

Proof. We have known that there is a natural map = : V - V/W. We claim that 7" is the isomor-
phism that bijects (V/W)" and {t € V¥ : W C kert}. We first show that " is injective. Suppose
V() = 0, for some £ € (V/W)V. Then,

I[(x(v)) =0, forallveV
= {([v]) =0, forallveV.

This shows the injectivity of 7¥. Hence, (V/W)¥ = Imx". It suffices to show that Imr" =
fteVY : W ckert}

1. Imz¥ c{te VY : W C kert}.
For each S € (V/W)Y and w € W, we have

¥ (S)(w) = S (x(w)) = S ([w]) = S([0o]) = 0.

2. £e VY : W ckert} CcImn".
Let £ € VV such that W C kert. Theorem [ asserts that there exists a unique S : V/W — F
such that £ = S o . This implies 7V (S) = ¢.

Discussions above complete the proof. [

Corollary. Let A € M,,,,,(F). Then, rankA = rankA".




Proof. LetV =F" W = F" andletT : V — W defined by
T(v) = A-v.
Then it is equivalent to prove
dimImT = dim (ImT").
By Theorem [,
(W/ImT)" = {t e WY : ImT Ckert} ={te WY : TV(t) = 0} = ker(T"). (1)
Thus,
dimW — dim ImT = dim W /ImT = dim (W /ImT)" = dim W" — dim Im(T").

This completes the proof. O

Theorem 8. Let V and W are two finite vector spaces, and let T : V. — W be a linear transfor-

mation. Then,
1. T is surjective if and only if TV is injective.

2. T is injective if and only if TV is surjective.

Proof. In the proof of the previous corollary, we have shown in equation [l that
(W /ImT)Y = ker(T"),
this proves the first assertion. Similarly, we have
(V/kerT)V ={t € VV : kerT C ker¢}. (2)
We claim the set on the right hand side is Im(T").

1. {E eVV : kerT C ker f} c Im(TY).
Let £ € VY such that ker T C ker¢. It is well-known that there exists a subspace X C W such
that W = ImT & X. Consider a transformation s : W — F defined by:

s(w) = t(v),

where w = T(v)+x, for some v € V and x € X. This is a well-defined map, since ker T C ker ¢.

Note that s is a linear transformation and ¢ = so T = T"(s). This proves the claimed inclusion.

2. Im(TY) c {e€ VY : kerT C ker ¢}
Let £ € Im(T"). Then, there exists s € W" such that £ = TV(s) = so T, thus ker T C ker¢.

Discussions above with equation [] show that
(V/kerT)V = Im(T"),

which is equivalent to the second assertion. [

Remark. In the class, the teacher proved with another approach, which use the following prop-

erty:



Let V be a finite dimensional vector space, and let VVV be the dual space of VvV,
then there is a natural identification, that is, there is an isomorphism ¢ : V — V'V
defined by

x> @ fro fx), feV.

Next, we show that why we shall study dual spaces by the following theorem.

Theorem 9. Let V be a finite dimensional vector space over F. Let £1,{5,...,% € VYV be linearly
independent. Suppose by, b,, ..., bs € F and put

E={veV:4()=0b, forall1 <i<s}.

Then, & + @.

Proof. Consider the linear transformation T : V — F* defined by:

T :ve (1), (W), ..., 86(W)).

Then, dim (ker T) = dimV — s. Here we omit the details of the proof.

2 Inner product space

Definition 10 (Inner product). Let V be a vector space over F, where F = R or C. A function

(-,-) : VxV — Fis called an inner product if the following conditions are satisfied:
L (x+y,2z)=(x,2) +(y,2), forall x,y,z € V.
2. {cx,y) =c-(x,y),forall x,yeVandceF.
3. (x,y) = (y,x), forall x,y € V.
4. (x,x) >0, for all x € V and (x, x) = 0 if and only if x = 0.

We write (V,(-,-)) for a vector space V together with an inner product structure (-,-). In the
following text, F still stands for R or C unless otherwise stated.

We could also define the concept of norm (or length) of a vector v € V.

Definition 11 (Norm). For each v € V, define the norm of v as |[v| = (v, v)l/ 2

Theorem 12 (Riesz representation Theorem on a finite dimensional space). Let (V,{,-)) be an

inner product space. Then,
®:V->VY
v = O(v)(x) = (x,v)

is an isomorphism.




Proof. We first prove that @ is injective. Note that
ker®={veV : (x,v) =0, forall x € V} = {0}.
Since V is finite dimensional, we have dimp V = dimp V", thus @ is an isomorphism. ]

In other words, inner product (-, -) identifies V with its dual space VV when V is finite dimen-
sional. We now start study how to represent an inner product structure with a matrix. Suppose V is
a finite dimensional vector space, and let & = {v{, v, ..., v,} be a basis of V. For any x,y € V, there
exist ;, f; such that

Z Vi V= Z'BJ

i=1

Then,

n n n n
<x’y>=<Zai'Vi’Zﬂj-vj> DIPICTACENE
i=1 =1

i=1 j=1

Hence, if we let

Q= (<vl-,vj>) € M, (F),

we have

(x,y>:(a1 a .. an)-Q-

The matrix Q is called the matrix of ( , ) associated with /.

Theorem 13 (change of basis). Let B = {wy, ..., w,} be another basis of V. Assume that

n
wj = Zaijvi, forall1<j<n.
i=1

Then,
Q' =At-Q- A,

where Q' is the matrix of (, ) associated with B and A = (aij).

Proof. Note that

n n
(wp, wy) = <Z YiVer Y, azjw>

k=1 I=1

I
M:

i (Vies V1) a1

I
M= T
M= TM=

aie" (V. 1) ay;,

a~
Il
[
~
Il
—_

This proves the theorem. [



Next, we shall ask whether we can define an inner product structure on V if we are given a
matrix Q € M,(F) and a basis & of V. The answer is no. In fact, the matrix can define an inner
product structure on finite dimensional V if and only if it is positive definite. The next theorem gives

the sufficient condition for a matrix being able to define an inner product.

Theorem 14. IfQ = B- B” for some B € M,(F) with det B # 0, then (, )q o is an inner product
for any choice of .

Proof. Let of = {v{, w,...,V,} be an arbitrary basis of V. It suffices to show the inner product defined
by Q satisfies the fourth axiom of Definition [L(. If x € V, then

n
x = Za’i-vi, for some o; € F.
i=1

We have
a
a
(X, X))o 1= (al a ... an) Q-]
o
a
= (afl a ... 0{,,)-B-B*- :2
A
= (¥B)-(¥B)",
where y = (al a ... an) is a row vector. Write yB = (ﬁl B ... ,Bn) We get
A
B Bl i,
X =(B B — B)-|"7|= DB 20,
' i=1
Pr
and (x,x)q o = 0 if and only if y = 0. From the assumption that det B # 0, it follows x = 0 if
(x,x) = 0. O

Definition 15 (Hermitian and positive definite matrix). Let Q € M, (F). Then,
1. Qis said to be Hermitian if Q* = Q.

2. Q is said to be positive definite if Q is Hermitian and

x-Q-x" >0, for all row vector x € F*\{0}.

Remark. Let Q € M,(F). Define a function (-, -) of two variables on the vector space V = F" by

(x,y) = x- Q- y*, where x and y are row vectors.

Then, (, ) is an inner product on V if and only if Q is positive definite.

10



2.1 Orthogonal projection

Definition 16 (Perpendicular). Let (V,(, )) be an inner product space. Then, we say a vector

v is perpendicular to w if
(v,w) =0.

We often write v L w to indicate two vectors are perpendicular to each other.

Note that the Pythagorean theorem holds, that is, |v + w||2 = ||v||2 + ||w||2 if (v, w) = 0. Now, we

can define orthogonal projection of x to y.

Definition 17 (Orthogonal projection). Given two vectors x,y € (V,(, )) (y # 0). Projy(x) is

the vector satisfying the following two conditions:
1. Proj,(x) is parallel to y.

2. x— Projy(x) 1y

From this definition, we can assume that Projy(x) = a-y, for some @ € F. Since x—Proj y(x) 1y,

we have

_ _{xy)
(x—a-y,y)=0 < a= :
(¥, )

We conclude that

. (x,9)
PI‘OJy(x) =—"
Iyl

Lemma 1. Let x,y € (V,(, )) (y # 0). Then,
[Proj, (o] < Il .

Moreover, the equality holds if and only if x is parallel to y.

Proof. 1t follows from the Pythagorean theorem. O

Corollary. [(x,y)| < |x]| [yl, holds for all x,y € V. ’

It immediate follows from Lemma [l. This inequality is known as “Cauchy’s inequality”.

Corollary. |x + y| < |x[ + |y[, holds for all x,y € V. ’

Proof. 1t is equivalent to prove |x + y||2 < (el + Iy
I+ y1” < (el + )2
= e+ y,x o+ y) < el + 2] - Iyl + Iyl
= xl + e y) + 3ux) + Iyl < Il + 2 0xl - Dyl + Dyl
= R(x, ) < lxl - Iyl
Note that R(x, y) < [(x, )| < ||x| - |¥|. This proves the corollary. ]

11



In general, if we were given a subspace W C V, we can discuss about Projy, (x), the orthogonal

projection of x to W.

Definition 18 (Generalization of orthogonal projection). Let W be a subspace of V and let x be

a vector in V. Then, Projy, (x) is the vector satisfying the following two conditions:
1. Projy (x) e W.

2. x — Projy,(x) L W. That is, x — Projy,(x) is perpendicular to any vectors in W.

The existence of Projy,/(x) in a finite dimensional vector space V follows from the following

theorem.

Theorem 19. Let V be a finite dimensional inner product space and let W be a subspace of V.
Define W+ as

Wt :={vevVv : (vyw)=0, forallwe W}.

Then, W+ is a subspace. Moreover, V=W & w.

Proof. It is easy to see that W+ is a subspace of V. Recall Theorem [1, we have an isomorphism:
V=vY
v £(x) = (x,v).
Note that the image of W+ under this map is
fte VY : W Ckert}.
By Theorem [, we have
wt=wv/w)".
Thus,
dimpV = dimg W + (dimp V — dimp W)
= dimp W + dimp V/W
= dimp W + dimp W+,

We claim that W n W+ = {0}. Suppose x € W N W+, then (x, x) = 0. This shows that x must be 0.
We conclude that

V=weWw
[l

If we are given a subspace W C V and a vector x, then according to Theorem [19, there exist

unique vectors w, € W, w, € W+ such that
X = wy + wy.

We define Proj,,(x) := w,. We now discuss a new idea of (external) direct sum of vector spaces.

12



Definition 20 (Direct sum). Let V7, V, be two vector spaces. Define
VieVy i={(v;,w) € Vy xV3}.
This space has a natural linear structure:
(v, v) + (v, vg) = (v +v{, v + 1))
c(vi,vp) 1= (c- v, 0 m)

We shall say V; @ V, is the external direct sum of V; and V5.

We can check that:

If W;, W, are two subspaces of V, such that W; N W, = {0}. Then,
W1 ®in Wo = W1 ®out Wa,

where @®;, is the original (internal) direct sum.

2.2 Orthonormal basis and Gram-Schimdt process

Definition 21 (Orthonormal basis). A set of vectors {v, : @ € A} is an orthonormal set if
<va, v/g> = 0 whenever @ # f, and |v,| = 1 for alla € A. An orthonormal basis is an orthonormal

set which is a basis.

Lemma 2. If {v{, w, ..., v} is an orthonormal set, then it is linearly independent.

Proof. Suppose there exist ¢; € F such that

,
Zai-vizo.
i=1

Then,
.
0=(0,v) = <Zai'vi>vi> = .
i=1
This completes the proof. [
Remark.

1. If dimp V < oo, then any orthonormal set of cardinality equal to n is an orthonormal basis.

2. Let o/ be an orthonormal basis. Then, Q = I,, where Q is the matrix of ( , ) associated

with .

The existence of orthonormal bases in a finite dimensional inner product space follows from

the next theorem. The technique to find such a basis is known as Gram-Schmidt process.

Theorem 22 (Gram-Schmidt process). Suppose {v;, s, ..., v} is linearly independent. Then, there

13



exists an orthonormal set {wy, ws, ..., w,} such that

spanp{wy, wy, ..., W} = spanp{vy, vs, ..., %.}.

Proof. Define y; and w; recursively as:

Up

ul = Vl Wl = m
1

U

Uy = vy — (v, wp) - wy wz:m
2

Us

uz = v3 — (V3, W) - Wy — (V3, W) - Wy w3 = m
3

k "

e =ve— Y () W, = o
i=1 Uy

We claim that spang{v,..., %} = spanp{wi,..., w;} and {wy, ..., w} is an orthonormal set, for each
1 < k < r. Itis trivial when k = 1. Suppose this assertion is true for some k = m < r, then
(t 1 98) = (1 W8) = (1, 98) = 0 for i < m. Al5O, Ypeg & SPAnp{w, oo, Wyn} = spanp{vy, .., vk
since {v;,W,...,V,} is linearly independent. We thus have v ; # 0, this completes the proof by

mathematical induction on k. O]

Corollary.

1. If (V,(, )) is a finite dimensional inner product space over F, then an orthonormal basis

exists.

2. Let Q be a positive definite matrix. From the remark of Definition [15, Q defines an inner
product on V = F". Let P be an invertible matrix such that Pe; = w;, where {ey, ..., ¢,} is
the standard basis of V and {w, ..., x;,} is one orthonormal basis of V with respect to the
inner product defined by Q. Then, Theorem [13 asserts

— t ——
I,=P'.Q.P = Q=pP1.p1
t
Let Q = P!, then we conclude

Q=00

For each positive definite matrix Q € M,(F), there is an invertible matrix Q €
M, (F) such that Q = Q- Q".

Recall that in Theorem I we have shown the existence of Projy, (x) when W is a subspace
of finite dimensional vector space V. In fact, we can derive the same result but using a weaker

condition.

14



Theorem 23 (orthogonal projection revisited). Let (V,(, )) be an inner product space. (It could
be infinite dimensional.) Let W C V be a subspace with finite dimension. Then, Projy,(x) exists
uniquely. In fact,

n
Projy (x) = Z (x, W) - W,
i=1

where {wy, Wy, ..., w,} is an orthogonal basis of W.

Proof. We first show that (x — Projy,(x), w) = 0, for all w € W. Note that
(x = Projiy (x), w;) = (x, w) — (x,w) =0,
for all 1 < i < n. It remains to show Projy, (x) is unique. Let y € W such that x — y € W+, then
[Projy () = | = (Projyy (x) - y, Projyy (x) - )
= <Pr0jW(x) — x + x — y,Projy(x) — y>

= <Projw(x) — x, Projy (x) — y> + <x — y, Projy (x) — y>
=0+0=0.

O

We now generalize the idea of orthogonal projection to the case when the subspace W is not
given.

Definition 24 (Projection). Let V be an inner product space over F, andletT : V — V be a

linear transformation.
1. We say T is a projection if T2 = T.

2. We say T is an orthogonal projection if T? = T and (ImT)* = ker T.

Remark. Let T : V — V be an orthogonal projection defined as above. Then, T(v) = Projy,(v),
where W :=ImT.

2.3 Hilbert space

In the previous text, lots of properties of inner product spaces only hold when the space is finite
dimensional. This subsection we shall introduce a kind of inner product space that act like a finite

dimensional inner product space.

Definition 25 (Hilbert space). Let (V,(, )) be an inner product space. The norm || induces a
metric d on V. V is said to be a Hilbert space, if (V,d) is a complete metric space in the sense

that every Cauchy sequence converges. A subspace W C V is closed if W is a Hilbert subspace.

Remark. In analysis, “closedness” of a subspace W means that every convergent sequence in

W converges to a point in W. This definition coincides the above definition.

15




Theorem 26 (Existence of orthogonal projection). Let (V,(, )) be a Hilbert space and letW C V

be a closed subset. Then, Projy,(x) exists uniquely.

Proof. Letd := inf,,cy |w — x|. We claim that there exist a vector y, € W such that |y, — x| = d.
By the definition of infimum, there exist y, such that
d< |y, —x]<d+-.
n

We first show that (y;,) is a Cauchy sequence. Given € > 0. Let N € IN large enough so that

8d 4
—+—<e
N N?

By the parallelogram law, we have

2 2 2 2
1y = yml™ = 2(yn = X" + lym = xI7) = I3 + Y — 2x]

2 + 2
<2<(d+1> +(d+l>)—4 M—x“
n m

2
2
<4(d+i> —4d2:%+i<e,
N N NZ

where n,m > N. Hence, (y,) is a Cauchy sequence. Suppose y, — ¥y, then |yy — x| = d. We now

show that p = x — 3, € W*. Let us introduce two parameters t € F and w € W, then we have
2 2
lp—t-wl” =lx—y —t-wl" > d?
2 2 -
= |pI” + - |wl” — 2Rz - (p, w)) > d* (3)
— 12 Jw|® = 2R (T - (p,w)) > 0.

If (p,w) # 0, then (p,w) = r - exp (i) for some r > 0. We plug in t = € - exp (if) to (B), for small
enough € > 0. Then,

e wl > 2- R(er),
which fail to be true when € is small enough. Therefore, y, = lim y,, = Projy,(x). ]

Next, we introduce the concept of bounded linear functional.

Definition 27 (Bounded linear functional). Let (V,(, )) be a Hilbert space over F. A linear
functional £ : V — F is said to be bounded if there exists M > 0 such that

eI < M-V,

for all v € V. The set of all bounded linear functional on V is denoted by Vls/dd' In fact, we can

similarly define the concept of bounded linear transformation.

Remark.

1. Any bounded linear functional is a continuous function, with respect to the norm of V

and metric on F.

2. Any finite dimensional inner product space V is a Hilbert space, moreover, V,/;; = V.
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Theorem 28 (Riesz representation theorem). Let (V,(, )) be a Hilbert space, and let £ € Vi, be
a bounded linear functional, then there exist y € V, such that

0(x) = (x,y),

forallx e V.

Proof. Let ¢ be a bounded linear functional. Then, N = ker? is a closed subspace of V. (Recall that
the preimage under a continuous function of a closed set is closed.) If N is V, then ¢ = 0, and we
can take y = 0. Now, we assume that N C V, it follows from Theorem R that there exists v € N*.
(Hence £(v) # 0.) Consider a function a(x) = €(x)/t(v), for all x € V. Then,
t(x) = a(x) - t(v)

= {l(x—a-v)=0

= x—-a-vEN

= (x—a-v,v)=0

= (x,v) =a-(v,v)
(V)

vl

= (x) = (x,y), where y =

2.4 Adjoint linear transformation

Definition 29 (Adjoint linear transformation). Let (V,(, )) and (W,(, )) be two inner product
spaces over F and let T : V — W be a linear transformation. We define the adjoint of T is the

transformation T* : W — V such that:

(T*(w), v) = (w, T(v)),

forallve VandweW.

We now show that T* exists uniquely if both V and W are finite dimensional.

Theorem 30. Let V and W be two finite dimensional inner product spaces and letT : V — W be

a linear transformation. Then, T” exists uniquely.

Proof. By Theorem P, there exist orthonormal bases of V and W, say &/ = {v,...,v,} and B =
{wi, ..., Wy}, respectively. Let [T]y g = A = (@;j)mxn- We now assume T™ exists, and let [T"] g v =
(bl])nxm Then,

(T*(wp). vj) = (wi T(v)

= () g

Q | /\
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This shows the uniqueness of T*. In fact, this also shows the existence of T*, since we can define:
TF W -V
[wlg = A" - [w]g,
where [w]g denote the coordinate vector of w with respect to the basis &. The calculations above

implies T* meets the condition of adjoint linear transformation. [

However, the adjoint of an operator is not always exist, especially in infinite dimensional inner
product space. The next theorem asserts that some operators on Hilbert space has an adjoint. We

shall first introduce the concept of bounded linear transformation.

Definition 31 (Bounded linear transformation). Let T : V' — W be a linear transformation

between two normed space. Then T is said to be bounded if there exists M > 0 such that

ITWlw <M -|v|y, forallveV.

Theorem 32 (existence of adjoint operators on Hilbert space). Let V' be a Hilbert space. (Recall
Definition[23.) Let T : V — V be a bounded linear operator. Then, T*, the adjoint of T, exists.

Proof. This is a corollary of the “Riesz representation theorem”. For each x € V, consider linear

functionals:
tr(y) =(T(y),x), yeV.
It is easy to check that ¢7 , is linear. We claim that if T is bounded then £r , is bounded. Note that

[tr ()] = KT, ) < AT el < Myl ] -

Thus, €1 is bounded. It follows from Theorem Rg that there exists a unique z € V such that

trx(¥) = (., 2) =(T(y), x), forally eV

We define T*(x) := z. It is easy to verify that T* is a linear transformation. [

Theorem 33. Let V,W be inner product spaces over F, and let T{, T, and T be linear transforma-
tions fromV toW. Suppose Ty, T, and T* exist. Then, the following properties hold:

1. (T1+T2)*:Tl*+T2*
2. (a-T)'=a-T", fora € F.

3. Let U be an inner product space and let S : W — U be a linear transformation with the
adjoint exists. Then, (S T)* =T o §*.

4. T =T.

The proof is very straightforward, so we omit it.

Theorem 34. LetT : V — W be a linear transformation between two “finite dimensional” inner

product spaces. Then,
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1. (ImT)*t = ker (T™).

2. (ker T)* = Im(T™).

Proof. To show the first assertion, suppose w € (ImT)", namely,
(w,T(v)) =0, forallveV.

< (T*(w),v)=0,forallveV.

— T*(w) = 0.

=  wEeEker(T%).
Similarly, for the second assertion. we assume that v € Im(T”), then v = T*(w) for some w € W.
Note that

(v, x) =(T*(w), x) = (w,T(x)) =0, for all x € kerT.

Thus, we conclude that Im(T*) C (ker T)*. By the dimensional formulas, we get Im(T*) = (ker T)".
L]

Definition 35 (Unitary linear transformation (operator)). Let T : V — W be a linear transfor-
mation between two inner product spaces (probably infinite dimensional). T is called unitary

if

(T(vy), T(v2)) = (V1,v)

for all vj,v, € V.

The next theorem gives a characterization of unitary operators.

Theorem 36. Given a linear transformation T : V. — W between two finite dimensional inner

product spaces. Then the following statements are equivalent:
1. T is unitary.
2. |[TW)| = |vl, for allve V.

3. T* T =1Idy.

4. T sends the orthonormal basis to an orthonormal set.

Proof.
(1) = (2): Obvious.
(2) = (1): Consider [T(x + Y)I* = |x + yI*.
(T(x), T(y)) +({T(), T(x)) = (x,y) + (¥, %)
= RUT(x), T())) = R({x, y)).
If F = R, then (§) shows that (T(x), T(y)) = (x,y). If F = C, then plugging in y + i - y to equation
) gives

(4)

R((=1) -(T(x), T(y)) = R((=D) - {x, y)).

19



Together with equation [ indicate that T is unitary.
(3) « (1): T is unitary if and only if
(T(x), T(y)) =(x,y),forall x,y e V
= (T*T(x),y) =(x,y),forallx,y € V
— ((T"T -1dy)(x),yy=0,forallx,y eV
= (T*T — Idy) = 0.
(1) <= (4): Let o = {v;,w,...,,} be an orthonormal basis of V. Then,

1, ifi=j
(TOD.T) = vy =1 = .
0, ifi=j
Thus, T(&) = {T(v;), T(w), ..., T(v,)} is an orthonormal set.

(4) < (1): Let x, y € V be two arbitrary vector in V. Let &/ = {v{,, ..., v,} be an orthonormal

basis of V. Assume

n n
x=Y v, y=Y fw
i=1 i=1

Then,

n

(T(x),T(y) = <T(Z - w).TQ - Vi)> =Y fi=(xy).
i=1 i=1 ‘

2.5 Spectral theory of normal operators

Definition 37 (Self-adjoint and normal operator). Let T : V' — V be a linear operator on an

inner product space V.
1. We say T is self-adjoint, if T = T=.

2. Wesay T isnormal, if Te T* =T" o T.

Remark. A linear operator T : V — V is unitary if and only if T* = T~!. (Assume that V is

finite dimensional.) Thus, unitary operators and self-adjoint operators are normal.

In the rest of this subsection, if not specifically mentioned, V' denotes the finite dimensional

inner product space over F (R or C.)

Theorem 38. GivenT : V — V, alinear operator on finite dimensional spaceV. The the following

statements are equivalent.
1. T is normal.

2. [TW)| = T*W)|, forallve V.

Proof.
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(1) = (2): Note that
(T(V), T()) =(T"T(W),v) =(TT*(v),v) =(T"(v), T*(v)).

(2) = (1): Consider [T(x+)|* = |T*(x + )| (and [T(x +i-y)|* = [T*(x+i-y) if F = C)

Expanding both equations gives
(T*T(x),y) =(TT*(x),y), forall x,y € V.

Thus, TeT* =T* - T. O

Corollary. LetT : V — V be alinear operator on a finite dimensional vector space V. Suppose
T is normal, and v is an eigenvector of T with eigenvalue A. Then, v is an eigenvector of T* with

eigenvalue A

Proof. Since T is normal, S = T — A - Idy is normal. (In fact, p(T) is normal, for all p(x) € F[x].) We
have Sv = 0. From Theorem B8, we have |S*v| = |Sv| = 0. Hence, v is in the kernel of $* = T*—1-Idy.
This completes the proof. O

We now prove an useful lemma.

Lemma 3. Let T be a linear operator on V, such that T* exists. (We have assumed nothing

about whether it is normal.) Then,

ker T*T = kerT.

Proof. Obviously, ker T C ker T*T. It suffices to show that ker T*T C ker T. Let v € ker T*T, then,
T*"T(v) =0 = (T*T(v),v) =0
= (T(v),T(v))=0
— TVl =0
= T(v) =0.
0

Theorem 39 (Semi-simplicity of normal operators). Suppose T is a normal operator on V. If
T" =0, for somen > 1. Then T = 0.

Proof. Let S = T*T. By Lemma E, it suffices to show ker S = V. Since T" = 0, we have S" = 0. (T*
and T commute.) We may enlarge n so that n = 2 for some k € IN. Note that

’ = <Szk_1v, Szk_1v> = <(Szk_1>* Szk_lv, v> = <52kv, v> =0.

Repeating this process gives us S = 0. [l

k-1
HSZ v

Before we introduce the next theorem (Theorem [0), we shall first prove another useful result.

Lemma 4. Let V be an inner product space over F, and let T : V — V be a normal operator on

V. Suppose p(x) and g(x) are polynomials in F with no common roots. Then,

ker (p(T)) L ker (q(T)),
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that is, (v, w) = 0, for all v € ker (p(T)) and w € ker (q(T)).

Proof. Since p, g have no common roots, there exist A, B € F[x], such that

A(x)p(x) + B(x)q(x) = 1.
Let v € ker (p(T)) and w € ker (q(T)). We have B(T)q(T)(v) = v. Thus,

(v, w) = (BT)g(TY(v), w) = (q(T)B(T)v, w) = (B(T)v, q(T)*(w)) & (B(T)v,0) = 0.
(M) is true since:
weker(qT) =  Jg@)w)] =0
—  JgM* )l =0
— gD =0.
]

Theorem 40. Let (V,(, )) be an finite dimensional inner product space over C. LetT : V — V

be a normal operator on' V. Then, T is diagonalizable. Moreover,

S
V=(PE), =E), 0E,® &k,
i=1

is the orthogonal decomposition of eigenspaces of V. Recall that E)_ is the eigenspace that which

has eigenvalue A.

Here we give two proofs.

Proof. Let chy(x) be the characteristic polynomial of T. The fundamental theorem of algebra asserts

that chr(x) splits completely, that is,
N
chr(x) = [ JGx = 2.
i=1

Then, we have learnt that V = @;_, W; in the theory of Jordan forms, where
W; = ker (T — A; - Idy)™.

Consider Ty on (W;,(, Mw.xw;). Note that T|y, is normal and that (T'y, —4;-Idy; )" = 0. By Theorem
BJ, we conclude Tlw; — 4; - Idy, = 0. This implies

W; =ker (T — 4; - Idy)" = ker (T — 4; - 1dy) = E,,.
It remains to show that each E, is orthogonal to each other. It follows by Lemma 4. [
Here is an alternative proof using mathematical induction.
Proof. Let A € C be an eigenvalue of T. Then,

Ey={veV :Tkw)=A-v}={0}
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Decompose V into E; @ Ej. (V is finite dimensional.) We claim that Ej is a T-invariant subspace.
Let x € Ej and v € E. Then,

(TG = (6 T W) 2 (3, 2v) = A¢x,v) = 0.
The equality (#) holds because of Corollary P.5. On the other hand,
dim Ej < dimV.
By induction, T| E} is diagonalizable and
Ef = (PE,.
i
This completes the proof. O

However, Theorem f(| is not true for inner product space over R. But we have the following

theorem.

Theorem 41. LetV be a finite dimensional inner product space over R, and letT : V. — V be a

self-adjoint operator on V. Then, T is diagonalizable. Moreover,

V= GSSEAi,
i=1

andE,li L E/lj ifi #j.

Proof. In view of the proofs of Theorem [, it suffices to show that chy(x) splits completely in R.

Choose an orthonormal basis &/ = {v{, Vs, ..., v,} of V. Define a matrix
A :=[Tly = @jnxn-
Then, it is well-known that
[T*]y = A",

Hence A* = A since T is self-adjoint. Now, assume A € C is an eigenvalue of T. Then, there exists
x € C" \ {0} (column vector) such that

Ax = A-x.
Consider
Ax x)=(Ax)* - x=x A" x=x"-A-x=1-(x* - x).
This indicates

AxfP =2 x> = AeR

Corollary. Let A € M,(C) be a complex normal matrix, that is,

A" A=A A"
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Then, there exists an invertible matrix P € M,(C) such that:
1L PP =1,

2. P~1AP is diagonal.

Proof. Let V = C" be an inner product space equipped with the standard inner product structure.
Let T : V — V be the operator defined by

v A-wv.

Then, the standard basis is orthonormal and hence A* = A is equivalent to T is self-adjoint. It
follows from Theorem [0 that

V= éE&i
i=1

is a orthogonal decomposition. For each Ej, we choose an orthonormal basis
0y = (i)

Then,

o = .Syi:dlueﬁy2|_|"‘|_|ds

N
i=1
is an orthonormal basis. (Because E) L E Aj-) Let P be the matrix sends the standard basis to &/. By

Theorem @, we conclude that P - P* = P* - P = [,. Also, it is easy to see

ML 0 -~ 0
PlAP = 0 /12.1,12
: 0
0 0 Al
This completes the proof. [

Similarly, one can prove the following result:

Corollary. Let A € M,(R) be a real matrix such that A' = A. Then, there exists an invertible
matrix P € M,(R) such that:

1. pt.P=pP.-P' =1,

2. P71AP is diagonal.

Corollary. Let T be a self-adjoint operator on inner product space V over F. Then, there exists
A; € R such that

T(v) = A4 -ProjE/11 W)+ Ay -ProjEAZ (W) + -+ A ProjEAS v).

In Theorem |41, we show that every self-adjoint operator on vector space over R is diagonaliz-

able. However, we do not deal with all normal operators. The next theorem is discussing operators
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over real inner product space.

Theorem 42. Let A € M,(R) be a real normal matrix, that is,
At A=A A
Then, there exists an invertible matrix P € M, (R) such that:
1. P-Pt=pt.P=1,.

2. PTIAP = (P, Al,) @© (@;:1 D;ij), where all A; € R, and all D; have the form:

5
—b o

Remark. Here, we have a little abuse of notation. We write A @ B to represent

(03

if both A and B are square matrices. Also, we write P®* to mean @5;1 P=P®P®- - ®P, for

square matrix P.

Before we start proving this theorem, we shall first prove some useful lemmas.

Lemma 5. Let V be an inner product space over R, andlet T : V — V be a normal operator,
such that

S? = —Idy.
Letv; € V \ {0} and v, = S(v;). Then,

S*(v) = —v, ST (W) =v, (v, 1) =0, v = [wl.

Proof. Consider
2 N 2
1™ v + wol” + [S* v, — vy
= (8™, S™vy) + (S, vp) + (v, STvy) + (vp, )
+ (5", S ) — (S™wp, V1) — (v1, S"vp) + (vy, )
= <SV1, SV1> +2- <SV2, V1> + <V2, V2> + <SV2,SV2> —-2- <SV1, V2> + <V1,V1>
2 2
=[Svi = w|” + [Sv, +w»|” = 0.
This prove the first two assertion. Note that
(vi, ) = (v, Svp) = (S, vp) = (=, vy) = —(vy, W)

and that

2 2
Ivall™ = (v, va) = (Sv1, va) = (vy, S™vp) = (v, vp) = v
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From Lemma E, we conclude that:

Continuing from the above definition, let

V1 V2
W= —, Wy = ——,
v vl
Then, {w;, wy} is an orthonormal set. Moreover, W := spanp{w, w} is S-invariant

and S*-invariant.

0 -1
Sk = ()

Lemma 6. Let T : V — V be a normal operator on a finite dimensional inner product space.

Suppose
chr(x) = ((x —a)?+ bz)m ,

for some b # 0. Then, there exists an orthonormal basis & such that
b ®m
a —_—
Ty = )
[T]e (b . )

Proof. Let S = (T — a)/b. Then, by Lemma [§, we have an orthonormal set &/; = {w;, w,}. Define

W) = spang{wy, wy}. Then,
s o -1
[ |W1]{W1,W2} B 1 0]

b
L |

We now claim that Wi" is a S-invariant subspace. Let v € Wj- and w € Wy, then

That indicates that

(Sv,w) = (v,S*w) =0,

since W is also a S*-invariant subspace. Similarly, we have an orthonormal set &/, C Wi such that

[Shw, ], = (g _01>

where W, is the subspace generated by of,. Also, (W; & W) is a S-invariant. Continuing this

process give s

v-Pw,
i=1

each W, is spanned by an orthonormal set &/; and

nl=(} )
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Let o =| | o/, then

]

Lemma 7. Let T : V — V be a normal operator on a finite dimensional vector space V over R.

Suppose my(x) = Hle fi» where f; are all irreducible. Then, f; are all distinct.

Proof. Suppose not, then there exists an irreducible polynomial f € R[x] such that f = f; for more
than one i. Let us consider W = ker f*(T), then W is a f(T)-invariant subspace. Note that f(T) is
normal on W and f(T)" = 0 on W. Thus, from Theorem @, we conclude that

ker f(T) = ker f(T),
which leads to a contradiction. O

Proof of Theorem 4. From Lemma [, we assume that

mr(x) = (H(X - /11')) : (H ((x - aj)2 + bf)) :
i=1

J=1

From what we have learnt in the theory of Jordan forms,

V= (@ker(T—/h)) 69(

For simplicity, we define W; := ker (T — 4;) and X; : = ker ((T - aj)2 + b}z) It suffices to show that

for each j, there exists a basis dj such that

[Tlxj]d- - Df@mj’

]

I ker ((T — j)2+b]2)).
=1

J

where

This follows from Lemma . OJ

2.6 Applications of spectral theory of normal operators
This subsection is mainly deal with two topics:
1. Structure of orthogonal (unitary) operators.
2. Singular value decomposition (SVD).

In this subsection, we assume that V is a finite dimensional inner product space unless otherwise
stated.

Definition 43 (Unitary groups and orthogonal groups). Let V be a finite dimensional inner

product space over F.
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1. If F = C, we define the unitary group
UV)={T : V>V|T-T"=T"-T =1dy}.

2. If F = R, we define the orthogonal group
oOWV)={T : V>V |T-T*=T"-T =1dy}.
We also define unitary groups and orthogonal groups by matrices. We write:

1. 0,(R) = {A € M,(R) : A- A" = [} is the orthogonal group.

2. Uy(R) ={A € M,(C) : A- A" = I} is the unitary group.

Note that U, (R) contains some complex matrices although it contains R in its “name”. We now

focus on orthogonal groups.

Definition 44 (Reflection). Let T : V — V be a linear operator. T is a reflection if there exists
a z € V with |z| = 1 such that

T(x)=x—2-Proj,(x) =x—2-(x,z) -z, forallx e V.

We also say that T is the reflection over the hyperplane # = (R - z)".

Remark. Suppose T is a reflection. Let &/ be an orthonormal basis of #. Then, &/’ = {z} U &

is an orthonormal basis such that

This means that there exists a matrix P € O,(R), such that

-1 0
PYT]xP = ,
[Tz (0 In—l)

where % is the standard basis. Hence, we can define reflection on M, (R).

Definition 45. Let A € M,(R) be a real matrix. A is a reflection if (and only if) there exist a

P € O,(R) such that
. -1 0
P'AP = .
0 In—l

1. If A€ O,(R) and A € R is an eigenvalue of A, then A = +1.

Lemma 8.

2. If A€ U,(R) and A € C is an eigenvalue of A, then |A| = 1.
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Proof. LetV = F". (F is R or C.) Define the standard inner product (-, ) on V, namely,
(x,y) = y" - x, x,y are column vectors.

Then, A € O,(R) (A € U,(R)) is a unitary operator on (V,(, )). If A € F is an eigenvalue of A, then
there exists v € V \ {0} such that: Av = Av

(v, v) = (Av, Av) = (A v, A= vy = 1+ - (v, v).

This implies A - A=1. [

Theorem 46 (Cartan-Dieudonné Theorem). For every A € O,(R), A is a product of reflections.

Proof. From Theorem 7, we know that A € O,(R) can be written in the form

(D)o (Do) o
i=1 j=1
where Dj is

. —b.
(a] J), for some aj,bj e R, bj * 0.

bj

Lemma g asserts that A; = +1 in (f)). It is easy to see that (by Definition §5) if m < n and X € O,,(R)
is a reflection, then so is

X 0

N -

Thus, it suffices to show that each D; is a product of reflections on R"™. Since each Dj e 0,(R), we
know that

t_
D; D' = L.
Therefore, aJ2 + b]2 =1, let 6 € [0, 2,r) such that aj = cos 6 and b]- = sin 6. Note that
cos@ —sinf B cos@ sin6 1 0
sind cos® | \sinf —cosh 0o -1/
We conclude that D; is a product of two reflections. O

Next, we are going to discuss the singular value decomposition. We first define the singular

decomposition of a matrix A € U,(R).

Definition 47 (Singular value decomposition (SV.D.)). Let A € M,,.,(C). If there exist P €
U,(R) and Q € U,,,(R) such that

Q- A-P= ( 2 Orx(n—r) ) _ (2 O) € M, (C),
O(m—r)xr O(m—r)x(n—r) 0 0
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where O is the zero matrix in M,_,)x(n—r)(C) and % € M,(C) is the diagonal matrix

o, -~ 0

0 e O

with 0; € R and 0; > 0y > - > 0. Then,

is called the singular value decomposition.

Theorem 48 (Singular value decomposition). Let A € M, (C), then the singular value decom-

position of A exists.

It is equivalent to prove the following theorem. Although it is not quite trivial that the following
theorem implies the singular value decomposition theorem, it is annoying to write it properly, so

we omit the details here.

Theorem 49 (Linear transformation version). Let V, W be two finite dimensional inner product
spaces over F (R or C) and let T : V. — W be a linear transformation. Then, there exist an

orthonormal basis B = {vi, Vs, ..., V,} of V such that
1. {T(w}), T(vy), ..., T(v.)} is orthogonal.

2. {T(rs1), T(s2)s o, T} = 0.

Proof. By Theorem R6, the adjoint T* of T exists. Consider S := T*oT : V — V. Then S is self-
adjoint. Applying the spectral theory for self-adjoint operators (Theorem 1 for F = C or Theorem
@ for F = C), we can find an orthonormal basis % = {v{, w, ..., v,} consisting of eigevectors of S.

Let A; be the eigenvalue of v; (with respect to the transformation S), then
(TGw), T(w) = (T T(w), v;) = (SO, vj) = A (v, )
This gives
T(v) L T(vy), ifi#j.
ITw|* = A, for alli.
This proves the theorem. [

Singular value decomposition generalize the definition of “inverse matrix”. We can define the

pseudo inverse or the Moore-Penrose inverse.

Definition 50 (Pseudo inverse or Moore-Penrose inverse). Let A € M,,,,,(C). Let the definition

of P and Q be the same as in Definition @ Then, the Moore-Penrose inverse is defined as

At .= p. DR Q"
1= 0 o )
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We also can define Moore-Penrose inverse of linear transformation.

Definition 51 (Intrinsic definition of Moore-Penrose inverse). Let V, W be two finite dimen-
sional inner product spaces and let T : V — W be a linear transformation. Then, the Moore-

Penrose inverse is the linear transformation TT : W — V defined by:

TY W) = (Tlerryr) ™" © Projpmr(w).

Two definitions of the Moore-Penrose inverse aggee with each other. The Moore-Penrose in-

verse is invented to solve system linear equations.

Theorem 52. Let V,W be two finite dimensioal inner product space and letT : V. — W. Given
b e W. Then, T(x) = b has a solution inV if and only if

b=T-TT(®). (6)

In addition, in this case, x is a solution if and only if

x=TT®) + (Idy — TT-T)(2), forsomez €V.

Proof. T(x) = b has a solution in V is equivalent to
belmT < Proj,7(b)=0b
—  ToTT(b) = b, by Definition f1.

To see the second assertion of the theorem, it suffices to show:

kerT =Im(Idy — TT < T).
However, it follows from the definition that TT o T(v) = Proj(yer 7)1 (v). Thus,

(Idy =TT o T) = Projy, 1.
This proves the theorem. O

However, the equation is not always has a solution. In general, TT(b) is the best approximation

of solutions of T(x) = b in the following sense:

|7 T*(®) - b| = min |TG) - bl

Theorem 53. Let V,W be two finite dimensional inner product space and letT : V. — W be a
linear transformation. Givenb € W. Then, T™(b) is the best approximation of solutions of T(x) = b.

Proof. Since T-T" = Projy,r, we have (T - TT(b) — b) € (ImT)*. Thus,
ITGO) — bl = |16 =T - THB) + T - THB) — b
~[rco-1-1t@)| +|r- 1) - ]
> [7- 1) b -

The equality holds if T(x) =T - TT (). O
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2.7 Bilinear forms

In the subsection, unless otherwise stated, we assume F is one of the following fields: Q, R, C,

or the finite field ]Fp, and let V be a finite dimensional vector space over F.

Definition 54. Let F be a field. Let
E={neN:n-x=0, forall x € F}.
Then, the characteristic of F is defined as:
min= ,ifE# @

char (F) = .
, otherwise

Definition 55 (Bilinear form). Let V be a vector space over F. Then, a bilinear form B is a

function

B:VxV —>F

such that B is component-wise linear. That is, B is a linear function if we fix one variable.

Thus, the inner product on a vector space over R is a bilinear form. If B is a bilinear form on a

finite dimensional vector space V, then it induce two linear maps from V to V.

Ig: V-V
v > [g(v)(w) = B(v,w), forallw eV
rg: V— vV

v > rg(v)(w) = B(w,v), forallw e V
Conversely, given a linear transformation f: V — V", f induces two bilinear forms:
Bi(v,w) := f(»)(w)
Bi(v.w) = f(w))
This explains there is a bijection between
{all bilinear forms B : V xV — F} = Homp(V,V").
We now fix a basis B = {v;, Vs, ..., v,} of V. We get an isomorphism

{all bilinear forms B : V xV — F} «— M,(F)
B« Qg = (B(v, )

Similar to what we have shown in the theory of inner product space, if we change the basis to &,
then

Qpg =P Qpg- P,

where P is the matrix sends & to &.
Recall that we have defined the (external) direct sum of two vector spaces in Definition R(. For

two vector spaces V, W with bilinear forms B,, B,, respectively, we can defined a bilinear form B on
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V @& W, defined by

B((vi, wy), (v, wp)) := B, (vy, %) + By, (wy, wp),

and we often write B = B, @ B,,. This definition of the direct sum of bilinear forms agrees with the

definition of internal direct sum in the following sense:

Let (V, B) be a vector space with a bilinear form. W, and W, are subspaces of V such
that W; @ W, = V. Then,

B = B|Wl @ B|W2’

if

B(wy, wy) = 0, for all w; € W; and w, € W,

Hence, this direct sum is often called orthogonal sum. Next, we are going to define the concept
of radical.

Definition 56 (Radical). Let B : V xV — F be a bilinear form. Define
rad; (V) ={veV : Blv,w) =0, forallw € V}
radg (V) ={veV : B(w,v) =0, forallw € V}

Definition 57 (Non-degenerate). A bilinear form is non-degenerate if radg (V) = {0}.

In fact, the following three statements are equivalent:
1. radg (V) = {0}.
2. rad; (V) = {0}.

3. detQB * 0.

Definition 58 (Alternating and symmetric bilinear forms). Let B : V xV — F be a bilinear

form.

1. Bis alternating if B(v,w) = —B(w,v), for allv,w € V.

2. Bis symmetric if B(v,w) = B(w,v), for allv,w € V.

We first discuss the alternating form. Now, suppose B is non-degenerate and alternating. Let
o = {v, vy, ..., v} be a basis of V and let Qp = (B(v,v;)) be the matrix attached to /. Then,

If a matrix A € M, (F) satisfied Al = —A, then it is called skew-symmetric. Next, we want to
find a basis &/ such that the matrix Qp o is as simple as possible.

Definition 59 (Symplectic basis). A basis {e;,es, ..., €, fi, fo, .. 3 (dimV = 2r) of V is called a
symplectic basis for B if
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1. B(ee;) = B(f;, f;) = 0, for all i, j.
2. B(e, f) =0, ifi # J.
3. B(e;, f;) = 0, for all i.
In other words, if &/ is a symplectic basis, then
O, 1
QB,&[ _ r r ) ’
(—Ir o}

where O,, I, € M,(F) are the zero matrix and the identity matrix, respectively.

Theorem 60. Assume char(F) # 2. IfV is equipped with a non-degenerate and alternating form

B, then dimV is even and V has a symplectic basis.

Proof. B is alternating and char(F) # 2, so foranyv €V,
B(v,v) = —B(v,v) = B(v,v) = 0.

Lete; € V\{0}. Choose f; such that B(e;, f;) = 1. (This could be done because B is non-degenerate.)
Let W = Fe; @ F f; = spang{e;, fi}. We define W+ as

Wt :={veV : Blv,w)=0, forallwe W}

We claim V = W @ W+ is an internal direct sum as vector space with bilinear form. To see this, it
suffices to show that V = W @ W+ is an internal direct sum as vector space. (~B(W, W) = 0.)

1. W and W+ is linearly independent.
It is equivalent to prove W N W+ = {0}. Letv € W N W=, Then,v =a-e; +b - f; for some
a,beF.

vEW!L = B(v,e;)=a=0; B(v,e;)=b=0.

2. W and W generate V.
It is equivalent to prove for each v € V, there exist a, b € F such that

(v—a-eg—b-f;) e W
Some simple calculations show that
a= B, f1), b=-B(v,e),

satisfies the condition.

Thus, (V,B) = (W, Bly) & (W*, Blyy1). Note that Bly,. is a non-degenerate (why?) and alter-
nating form. By induction, dimW+* = 2r — 2 for some r € N, and W' has a symplectic basis
{es. e3,....€ f2, f3, ..., fr} for Blyy.. We conclude that dimV = 2r and {ej, ey, ..., €., fi, fo, ..., fr} is a
symplectic basis for (V, B). ]

Now, we discuss the non-degenerate symmetric form on V.
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Theorem 61. Assume char(F) # 2. IfV is equipped with a non-degenerate and symmetric form
B, then there exist a basis o/ = {v;, Vs, ..., v} of V such that

B(v;, Vj): ifi =+ .
In other words,

a;

a
Qo =

an

is a diagonal matrix where a; = B(v;, v;). Note that a; # 0 since B is non-degenerate.

Proof. We claim that there exists v € V \ {0} such that B(v,v) # 0. If such v does not exist, then
2B(v,w) = Blv+w,v+w) — B(v,v) — Blw,w) =0, forallv,w € V.

Since char(F) # 2, we have B(v,w) = 0 for all v, w € V. Therefore, there exists v € V \ {0} such
that B(v;,v;) = 0. Let W = Fv; and let

Wt :={vevVv :B,v) =0}
Then, (V, B) = (W, Bly,) ® (W™, Bl,/») and we can proceed by induction. O
Next, we can classify all symmetric bilinear forms on finite dimensional vector space over R.

Let V be a real vector space with a symmetric bilinear form B. Suppose B is non-degenerate, then
by Theorem @, there is a basis &/ = {v;,Vs, ..., V,} such that

a;

a
2 (a; # 0.)

Qpg =
an

Replacing o = {v;, v, ..., v,} with &/’

Vi Vo Vn
Jial lagl  lal
then
sgn(a;)
sgn(ay)

Qp g =

sgn(ay)
Thus, we can define the signature of a non-degenerate symmetric bilinear form by counting

the positive and negative elements on the diagonal matrix Qp ..

Definition 62 (Signature). If B is a non-degenerate symmetric bilinear form on a vector space
V over R, then define the signature (r, s) of V so that
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1. r = #{i : sgn(q) = 1}.

2. s=#{i : sgn(q) = —1}.

We have r + s = dim V since B is non-degenerate.

If B is degenerate (and symmetric), we also can define its signature. Note that rad; (V) =

radg (V) (B is symmetric.) Then, V /rad (V) is a vector space, and induced a bilinear form B from B
defined by

~

B([w1], [v,]) = B(vy, v).

It is easy to see that B is well-defined and one can check that B is a non-degenerate symmetric
bilinear form. We define the signature of B to be the signature of B.

Theorem 63 (Sylvester’s Law of Inertia). Non-degenerate symmetric bilinear forms over finite
dimensional real vector spaces are completely determined by their signature. That is, there exists

a bijection preserving the bilinear form structure if two spaces have the same signature. In other
words, signature is a well-defined invariant for V up to isometries.

Remark.

1. Theorem p3 is a corollary of Theorem [72, we will not give the proof here.

2. The non-degenerate symmetric bilinear form B is positive definite (inner product) if the
signature of B is (dimV, 0).

2.8 Quadratic forms and Witt decomposition

In this subsection, we assume F is one of the fields: Q, R, C, and F, (p # 2). Let V be a finite
dimensional vector space over F.

Definition 64. A quadratic form Q : V — F is a function on V such that
1. Q(av) = a®Q(v).
2. The map By : V xV — F defined by

(x,y) = O(x +y) — O(x) — Q(y)

is a bilinear form.

This bilinear form By is called the bilinear form attached to Q.

In fact, we have a bijection between symmetric bilinear forms and quadratic forms. If B is a
symmetric bilinear form, then

0(x) = 2 B(x. %)

is a quadratic form. Similarly, if Q is a quadratic form, then By define in the Definition bd is a
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symmetric bilinear form. Moreover, if dimpV = n, then there is a bijection between all quadratic
forms and all homogeneous polynomial F[xj, xy, ..., X, | with degree 2.
Let &/ = {v;,V,...,V,} be a basis of V, then

Q(Z a,-w) Z Z a;Bo(v;, vj)a; «— Z Zc i € Flxy, xp,..., %,].

i=1 i=1 j=1 i=1 j=1

NN

The polynomial on the right side is called the polynomial attached to Q, and denote it by fp. Thus,
we can study the property of quadratic forms and convert it to the language of polynomials or

bilinear forms.

Definition 65. A quadratic space is a vector space V equipped with a quadratic form Q (or a

symmetric bilinear form, because of the bijection we just demonstrated.)

Definition 66 (Isometric and isometry). Let (V;,Q;) and (V,,Q5) be two quadratic spaces. We
say V; and V, are isometric if V; is isomorphic to V; as a quadratic space. Namely, there exists

a isomorphism T : V; — Vj as vector spaces such that

Q(T(v)) = Q;(v), for allv € V;.

Such isomorphism T is called an isometry.

The quadratic space is kind of like a generalization of inner product spaces. Here we show an

example of isometry. Let (V, Q) be a quadratic space. Let vy € V with Q(vy) # 0. Define
T:V->V
2Bp(x, v)

XX — ———V

Bo(vp, )

where B is the bilinear form associated with the quadratic form Q. We claim that T is an isometry.
Note that
2Bg(x, v)
v
Bo(vo, )
2
Q( > O) ZBQ(X', VO)
- gt -2 25 + 00+ (FE) o
< Bo(vo. vo) ’ Bo(vo, vo) ’
_ZBQ(x, ) Bo(x, vp)
Bo(vo, vo) Bo(vo, vo)
= Q(x)

holds for all x € V. T is like the reflection define in inner product spaces. We call T the reflection

Q(T(x)) = Q(x —

Bo(x,vp) + Q(x) + ( ) BQ(VO’ %)

along the hyperplane orthogonal to v, with respect to the quadratic form Q. Also, we found that

Q(vp) is an important property. so we give the following definitions.

Definition 67. Given a quadratic space (V, Q). Define the following terminologies.

1. V is non-degenerate if the bilinear form By associated with Q is non-degenerate.

2. A vector v € V is isotropic if Q(v) = 0.
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3. A vector v € V is anisotropic if Q(v) # 0.
4. A quadratic space is isotropic if V is non-degenerate and contains an isotropic vector.
5. A quadratic space is anisotropic if V' every non-zero vector in V is anisotropic.

6. A subspace W C V is totally isotropic if Qly, = 0.

Definition 68 (Hyperbolic plane). A 2-dimensional quadratic space H is called a hyperbolic
plane if fo(xq, xp) = x;x, for a suitable choice of basis. (Recall that fj is the polynomial attached

to Q.) In other words, there exists a basis {v;, »,} such that

0
(o) =} 1)

Theorem 69. LetV be a non-degenerate quadratic space. LetU C V be a totally isotropic subspace

with a basis {uy, us, ..., uy,}. Then there exists a totally isotropic subspace
U’ = spanp{ug, uy, ..., tp,}
such that
1 ,ifi=j

B(u;, ul) = .
m 0 , otherwise

Proof. We prove by induction on dimpU = m. If m = 1, U = F - u;. Since V is non-degenerate, By
is non-degenerate. Thus, there exists a vector w € V such that By(u;, w) = 1. Note that w & F - u;,
otherwise Bp(u;,w) = 0. Let uj = w + a - u;, we claim that there is an & € F such that Q(u7) = 0.
(Undetermined coefficient method.) Then,

Qu1) = Q(w + & - uy) = Bo(w, & - ug) + Q(w) + Q1) = & + Q(w).

Hence, u] = w — Q(w)u, satisfies the requirement.

Now, suppose the assertion is true for some m = k € N. Assumem = k+ 1 > 1. Let
W = spanp{uy,us,...,up} C U C V be a totally isotropic subspace. Define W+ := {v € V :
BQ(v, w) = 0, for allw € W}. Then, F - u; C W is an totally isotropic subspace. Note that Qlyy+ is
non-degenerate (otherwise Q would be degenerate). Thus, by the previous step, there exists u] € W+
such that H; := spanp{u;, u{} is a hyperbolic plane and By(uy, ug) = 1.

Since H; C W+, we have W C Hj", dimW < k, and Q| p; is non-degenerate. By the induction
hypothesis, there exists a totally isotropic subspace spang{u}, u}, ..., u,} C Hi- such that

1 ,ifi=j

Bo(u;, ul) = (2<i,j<m).
QN 0 , otherwise

Then, U’ = spang{u], us, ..., uy,} is the desired subspace. O]
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Corollary. Let V be a non-degenerate quadratic space and U C V be a totally isotropic subspace

with dimension m. Then, there exists a totally isotropic subspace U’ such that

UnU’ ={0}, and U U =H™

Theorem 70 (Witt decomposition). Let V be a quadratic space. Then we have the following

orthogonal direct sum,
V=rad(V)®oH" @V,

where rad (V) is the radical of (V,Bp), H denote a hyperbolic plane, and V, is an anisotropic

quadratic space. Note that = means isometric. (Recall Definition [64.)

Proof. Choose any subspace W C V such that V = rad (V)®W (as vector spaces). Then, rad (V) L W
by the definition of the radical of V. This indicate that V' = rad (V) @ W as quadratic spaces. (Recall
the direct sum of vector spaces with bilinear form.) Also, (W, Q|y,/) is non-degenerate. (why?) Thus,
we may assume V is non-degenerate, that is rad (V) = {0}. We prove by induction on dimV. If
dimV = 1, then V is anisotropic.

Now, suppose dimV > 1 and V is NOT anisotropic. Then, there exists u € V \ {0} such that u
is isotropic, namely, Q(u) = 0. From Theorem @, we obtain that there is u’ € V such that

Bo(u,u’) =1 and uis isotropic.

Hence, H := spang{u,u’} is a hyperbolic plane. We can decompose V into V.= H @ H*. Then, we
have Q| is non-degenerate and dim H* < dim V, so we can apply the induction hypothesis on H*.

Therefore, H- =~ H™ ! @ V,,, where V; is an anisotropic subspace. This completes the proof. [

Next, we are going to prove that such orthogonal direct sum is unique. We first prove the

following theorem.

Theorem 71 (Witt cancellation Theorem). Let Vy, V5, Uy, and U, be finite dimensional quadratic
spaces over F. If Vi = V5 and V; ® U; = V, @ U, are two isometric relation. Then, U; = U, is

isometric.

Proof. We first note that V, @ U, = V; @ U; = V, @ Uy, thus we may assume V; =V, = V.

Case 1: V is totally isotropic and U; is non-degenerate.
Write T to denote the isometry of V@ U; to V @ U,. Let of = {vy,..., v}, B1 = {uy, ..., 4}, and
By = {wy, ..., w .} be bases of V, Uy, and U, respectively. Let the matrices of quadratic form on V& U,
with respect to T(&f) U T(%,) and o LI B4 be

0 0 0 0 .
M, = and M, = respectively.
0 B 0 B,

Here B; is the matrix of the quadratic form of U,. (It is useful here that V is totally isotropic and the
the direct sum is “orthogonal” direct sum.) Since V & U; = V @ U,, there is an invertible matrix
P € M,,,(F) such that

Pt-M,-P=M,.
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If we write

A B
P = ,
C D
where A € M,(F) and D € M,(F), then we have D'- B, - D = B;. Note that we assume U}, or more

precisely, the bilinear form that U; equipped with, is non-degenerate, thus By is invertible and so is

D. This shows that U; and U, are isometric.

Case 2: V is totally isotropic.
Write U; = rad (U;) @ W and U, = rad(U,) & W,, where W; and W, are non-degenerate

quadratic space. Then,
VeU =VelU, — Veérad(U) e W, =V érad(U,) & W,
= rad(VeU;)) =V&radU;) =V &rad (U,) =rad (V & U,)
By Case 1, W; = W,. It is obvious that rad (V;) = rad (V). Thus we have U; = U,.

Case 3: For general V.
We prove by inductiononn = dimV. If n = 1, write V = F-v. If vis isotropic, then the Theorem
follows from Case 2. Now, suppose v is anisotropic. Let T denote the isometry of Fv @ U to Fv®U,.
We have

F(T(v))® T(U;) = Fv & U,.
By Lemma fJ, there is an isometry 7 : Fv @ U, — Fv & U, such that
(T(v)) = v.
It follows that
T T(U;) = (Fv)* = Us.

Therefore, 7o T is an isometry of U; to U,. Now, supposen = dimV > 1,thenV = Fv @ F»&--- @ Fv,
(orthogonal direct sum) with Q(v;) = g; (1 < i < n). This is possible because of Theorem 1. It follows
that

VeU =VeU, = Fvy®(Fwn® - ®Fv,dU)) = Fv @& (Fn® - & Fv, ®U,)
- FVz@"'@FVn@Ul :F’Vz &) "‘@FVn®U2
= U; =0, (by the induction hypothesis).

The discussions above prove the theorem. [

Lemma 9. If x, y € V are two anisotropic vectors in a quadratic space, such that Q(x) = Q(y).

Then there exists an isometry 7 : V — V with 7(x) = y.

Proof.

Case 1: x — y is anisotropic.

Consider 7 = T_,, the reflection along the hyperplane orthogonal to the vector x—y. Precisely,
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we define

Bo(v,x — y)
T(v)zv—z-BQ(x_y’x_y)-(x—y).
Plug in v = x gives

Bo(x,x —y)
r(x):x—Z-BQ(x_y,x_y)'(X—Y)
_ Bo(x, x) — Bo(x. y) O(x) =
_x—z-z‘(BQ(x’x)_BQ(x,y))-(x—y) (~Q(x) = Q(y))
=x—(x-y)=y.

Case 2: x — y is isotropic.

Note that Q(x — y) + Q(x + y) = 2(Q(x) + Q(y)) (By Parallelogram Theorem.) This shows that
—x — y is isotropic if x — y is anisotropic. Let 7 = T_,_,, o —Idy be a composition of two isometries.
Then 7(x) = T_,_,(—x) = y.

The discussions above complete the proof. O

Now, we can prove the following theorem.

Theorem 72 (Uniqueness of Witt Decomposition). Let V' be a quadratic space. If

V=rad(V)®H" ®V, = rad (V) @ H" & V],

where Vy and Vj are anisotropic, thenm = m’ and Vy = V.

Proof. Witt Cancellation Theorem (Theorem 1)) shows that
H" @V, =~H" & V.

We claim that m is the dimensional of maximal totally isotropic subspaces of H” & V), this can be
seen from the proof of Theorem 0. Thus, m = m’ and it follows from Witt Cancellation Theorem
(Theorem [71)) that V, = Vs- [

Recall that in the last subsection, we introduced the concept of signature. There is a theorem
we have not proved yet. Here we have a fast way to prove it. Proof of Theorem [63. If (V, B) has
signature (p, q). Without much loss of generality, we assume p > g. Then, V. = H? @ I, ,, where
I g=R-v & ®R-v, 4 is an anisotropic space such that

p—q p—q
Q(Z X)) = Z Xt
i=1 i=1

This shows there is a 1-1 correspondence between signatures and Witt decompositions. This proves
the theorem. O]

Theorem 73 (Cartan-Dieudonné Theorem). Let V' be a non-degenerate quadratic space with
dimension n. Let the orthogonal group of V be O(V) ={T : V — V, T is isometry}. Then for each
o € O(V), o is a product of at most n reflections.
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In fact we have proved this theorem, when V is an inner product space over R, then we can
use the spectral theory of inner product space. However, we do not have these tools here, hence the

proof is much harder.

Proof. We first write O(V) = 3; U 3, U 33, where

31 ={o € O(V) : Fanisotropic x € V such that o(x) = x}

3y ={0 € O(V) : T anisotropic x € V such that o(x) — x # 0 and is anisotropic}

>3 ={o € O(V) : V anisotropic x € V, o(x) — x # 0 and is isotropic}
We will prove by induction on n = dimV. If n = 1 then O(V) = {+1}. Now suppose n > 1. Let
o€ 0(V).

Case 1: If 0 € X, then there exists an anisotropic vector x € V such that o(x) = x. Write
V = Fx® (Fx)" as orthogonal sum of o-invariant subspace. By induction, o g,y = 71 - 7, for some
reflections 7; where r < n — 1. Define the extension 7; of 7; to V by 7i(x) = x and 7;(y) = 7(y) for

y € (Fx)*. Then 7; is a reflection in V and

Case 2: If 0 € 3y, then there exists an anisotropic vector x € V such that v = o(x) — x is non-zero
and anisotropic. Then T, (o(x)) = x, T, is the reflection along the hyperplane perpendicular to the

vector v. Case 1 gives T,, - ¢ = 17 - 7, where r is at most n — 1. Thus,
o=T,- 117
is a product of at most n reflections.
Case 3: Suppose o € 33. We first claim that n > 3 and for all x € V, o(x) — x is isotropic. The first
assertion could be checked by considering the matrix attached to the quadratic form Q. To see the
second assertion, we suppose x € V is an isotropic vector and let y € V be an anisotropic vector

such that B(x, y) = 0 (the existence of y is trivial). Now for all a € F we have Q(x + ay) # 0 hence

we obtain
Qlo(x +ay) = (x+ay)) =0,  Qa(y)-y)=0.
It follows that
Q(o(x) = x) + 2a- B(o(y) — y,0(z) —2) = 0, foralla € F.

Plugging in a = +1 gives the desired result. Now, put W :=Im(1 — ¢) = (Idy —0o)V. Then the result
above implies that Qlyy =0 = W c W
We now claim that Q|y,;: and therefore W+ c Wi+ = W. If x € W and y € W+ then we have
B(x,0(y) — y) = B(a(x),0(y) = y) = Blo(x) — x,0(y) — y) = B(o(x),0(y) - ¥)
= B(o(x),0(y)) = Blo(x), y) = B(x, y) = B(a(x),y)
= —B(x — o(x),0(y)) = 0.

The nondegeneracy of B shows that o(y) = y for all y € W*. By assumption, y must be isotropic,
thatis O(y) = 0 = Qlyy» = 0. Hence, we now have W = W+. From Theorem 9 we know that
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there is a totally isotropic subspace W’ C V such that W N W’ = {0} and that
wWew =H",
for m = dim W. Note that V = W & W’ since W = W=. Moreover, we have ol = Idyy.

We now finally claim that detc = 1. We observe that: for x € W and y € W’, we have

B(x,0(y) — y) = B(x,0(y)) — B(x,y) = B(x,0(y)) — B(c(x),a(y)) = 0.

Thus we conclude that o(y) —y € W. Let B = {wy, ..., wy,} and B’ = {w], ..., w;,} be bases of W and
W', respectively.

Then,

(0] ucs = (I;” Im>

This shows that deto = 1. Let 7 be any reflection. Then 7 -0 € X, LU 3,, since dett = —1 for any
reflection 7. Thus, 7 - o is a product of at most n reflections. Thus, we conclude that o is a product of
at most n + 1 reflections. However, note that detc = 1 and det7 = —1 for every reflection 7, hence

o is not a product of n + 1 = 2m + 1 reflections. This completes the proof.

]

Remark. In the 2016 video, due to the limited time, only the general steps of the proof are

sketched, and the complete proof is not given. Here, I also refer to this article [{1] for the proof.

3 Applications of Linear Algebra

In this section, we will introduce some applications of linear algebra.

3.1 The number of common zeros of two polynomials
First, we look at the following question. Let f(x), g(x) be two polynomials.
What is the size of #{a € C : f(a) = g(a) = 0}. (Counted with multiplicities)

The solution to this question is answered by ETIENNE BEzOUT, a French mathematician. Actu-
ally, I am not pretty sure whether the result is discovered by him, but to prove the result, we have

to introduce a matrix called Bézoutian. We first define v( f, g) to simplify our notation.

Definition 74. Let f, g € C[x]. Define

v(f, g) = the common roots of f(x) and g(x) counted with multiplicities

= deg (ged (f(x), g(x))).

Definition 75 (Bézoutian or Bézout matrix). Let f, g € C[x] be two polynomials and let n =
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max{deg f, deg g}. Then the Bézoutian B , = (b;;) € M,(C) is a matrix such that

f@E() - fWgl) lelx =1 x
- iy =

2=V i=0 j=0

xn_l) "By

If we define
t
Vo(x) = (1 x - x"_l) ,

then we have

f()g(y) — f(y)g(x)

p— = V()" By g - Va()-

Theorem 76. Let f, g € C[x]. We have

v(f, g) = nullity(By o).

Before proving this theorem, we shall introduce some notations, some lemmas and an important

theorem.

Definition 77. Given

n n
flx) = Z ax' € C[x] and g(x) = Z bx' € C[x].
i=0 i=0
Define the following matrices associated with f(x) (and possibly g(x)).

1. The Hankel matrix of f(x).
We usually write Hy = (h;j;) € My(C) to denote it. The entries are defined by:

B Ajyj—1 Jifi+j—1<n

hy; = .
0 , otherwise
That is,
(11 a2 an
a . . a4y
He=|: ~ a e M,(C).

1 o
an

2. The Toeplitz matrix of f(x).
We usually write Ty = (t;;) € M,(C) to denote it. The entries are defined by:

_ aj_i ,Iflgj
l - .
/ 0 , otherwise
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That is

Ay ar - Gp2 Gp—
ap 4 dpp
Ty = : leM, eC.
ap aQ
2

. The anti-diagonal matrix.
We usually write Z, = (z;;) € M,(C) to denote it. The entries are defined by

1 ,ifi+j=n+1
Zij = . .
0 , otherwise

That is,

Z, = ' € M,C.

. The resultant of f and g.
Let n = max{deg f, deg g}. We write Ry, = (r;j) € M,,(C) to denote the resultant. The

entries are defined by
aj_j ,ifi<nmand0<j—i<n

nj=1bj; ,ifi>nand0<j—-i<n.

0 , otherwise
That is,
G a4 - 41 Oy
 ar - Gy1 Gy
ao a - 4y Gy
R = e M,,(C).
P8 by by o buy by 2
bO bl bn—l bn
bO bl ' bn—l bn

Remark. In all the above matrices, all “blank” entries represent 0.
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From the above definitions, it is easy to see

a, ap
a a
an—1 an 0 1
Z-Hf = X ; Z-Tf=
a v dp1 Gy apg a; v Ap—q

Thus, we have

Theorem 78. Let f, g € C[x]. We have

v(f, g) = nullity(Ry o).

Proof. Let n := max{deg f,deg g} and let Py be the set of all complex polynomials with degree less
than k. In other words,

P :={p e C[x] : degp < k}.
Consider a linear transformation T defined by:
T:P,®P, > Py
wv)—u-f+v-g

Suppose d(x) = ged (f(x), g(x)), and we assume that f(x) = h(x) - d(x), g(x) = k(x) - d(x), and that
ged (h(x), k(x)) = 1. Then,

kerT ={(u,v) € P,xP, : u-f+v-g =0}

={w,v)€P,xP, : u-h+v-k=0}

={k-a,-h-a) : a € C[x]} (- ged(k,h) = 1.)
However, note the degree of « is less than deg d(x). This indicates that

dimkerT = degd(x) = v(f, g).
It suffices to show that dim ker T = nullity(R ) g)- It follows from the fact that
[Tlg, =Ry

where & is the standard basis of P, ® P, and & is the standard basis of P,,. ]

To prove Theorem [76, it remains to find the relation between R f.g and By o.

Lemma 10. Let f, g € C[x] and let n = max{deg f,deg g}. Hy,T; and Z are defined as above.
1. Tf and Tg commute, namely, Tf . Tg = Tg . Tf.

2. Xt=27.X-Z forall X € M,(C).
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3. Hy-Z-Hy=H,-Z Hj.

The proof is omitted since it can be done by some simple calculations.

Lemma 11. Let f, g € C[x]. Then, Bfg=Hf Ty —Hg - Ty.

Proof. We write R = Ry o and B = By o. It is easy to see that

xn_yn

= Vn(x)t - Z V().
xX=y

Thus, we have

0o Jg() = f(¥)g(x)
(x" = y")-
x—y

=)' (2 (F@g0) = f3)()) - Va)

:&wfmy(oz>mem)
Vau(x)-gx)) \-Z 0] \g®») Va(»)
:V2n(x)t'Rt'(OZ

Z
0) - R -V, (y) (by direct computation.)

On the other hand, we have the left hand side is equal to

(" =y V()" By g Va(y)
=V, ()" (3" Bfg) - Va(3) = Va()' - (Bfg - ") - Va(3)

=v2,,<x>t-<g g)-vz,l(w—vz,,(x)t-(g Jj)-vz,l(w

= V(20" - (; ‘OB ) Van(y)-

Therefore, we conclude that
0 -B ¢ 0 Z
=R". ‘R
B 0 -7 0
t t
. (o -B)\ _ th 7;g )_(o Z)_(Tf Z-Hf)
B 0 Hy -Z Hy -Z -Z 0 T, Z-Hg

0 —-B Z-Tp-Z2 Z-Ty-Z Z-T, Hg
—1 = .
B 0 Hi-Z Hg-Z ) \-Z-T; -H;

0 =BY_ (% *) GhereX=H, T, —H, -T
- = , where X =H;-T, — H, -
B 0 X 0 fg gf

= B=X=Hy T, — Hy - Ty.
The above deductions have used Lemma [10. O]

Now, we can start proving Theorem @
Proof of Theorem [74. It suffices to show that nullity(R +.g) = nullity(By o). Without loss of generality,
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we assume that deg f > deg g. Hence, a, # 0 if n = max{deg f, deg g}. Consider

I, O, R I, O, Tf ZH;
Ty ZHy B T; zZHf) \T, ZH,
_ Ty ZHy
B TJ% + ZHT, TyZH;+ ZH;ZH,
B Ty ZHj
\ZB+(ZH, + T)T; (Tf + ZHy)ZH;

(Recall that B = H¢Ty — HyT¢ and Lemma d)
_(on Iy )(I on>
ZB Ty + ZHg Ty ZHy
_(o,, I, ).(B o,,>'(1n o,,)
Z Ty+zH) \0, L) \T; zH;
det (In On ) = det(l,) - det(Z - Hy) = det(Z) - det(Hy)
H

Ty ZHy
= (~1)" - det(H") = (~1)" - (@,)" 0

Note that

and that
@) I o) I
det| " " =det| " "
Z Tf + ZHg 7 Tf + ZHg

= det On I - det b Hy
zZ Ty o, I,
= det(Ty) - det(InTJ?lZ) 1%#0

Therefore, we conclude that

. . [B O .
nullity(B) = nullity (O I ) = nullity(Ry ¢).

n n

Theorem 7d together with Theorem [7§ are called Jacobi-Darboux Theorem.

Remark. If we are given two polynomials p,q € C[x, y| and we are asked to find all solutions

to the equation

p(x,y) =0, q(x,y) = 0.

We can use the following method. Fix y and we obtain two polynomials p) and g, with coeffi-

cients in C. Then, (xp, yp) is a solution if det(BPyO 'qyo) =0.

3.2 Markov chain and the Perron-Frobenius Theorem

We first look at the following question:
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Suppose there are only two towns in the NTU CouNTRy, called the MATH town and
the CSIE town. Suppose in every year, there are s% people from MATH moving to
CSIE; and t% people from CSIE moving to MATH. Assume that there are no people

died and born and no people moving out of the NTU CounTRy. Then, we want to ask

whether the population in these two towns will become steady.

J

Let S be the total population of the NTU couNTRyY, and let p; and g; be the percentage of the
total population in two towns MATH and CSIE, respectively, at the k-th year. Write v, = (pg, qk)t.

[(1-s% 1%
Vet % 1-1%) %

1—-5% 1%
M := ,
$% 1—-1t%

lim v = klim My

k—o0

Then, we have

Define

then we wonder whether the limit

exists? Above discussions give us the motivation to study Markov chain. The next two definitions

are helpful for us rephrasing the problem.

Definition 79 (Steady state). Given a matrix M € M,,(R), a steady state v € R" is an eigenvector

of M with eigenvalue 1, namely, M - v = v.

Definition 80 (Stochastic matrix). Suppose M € M,(R). M = (m;;) is called a stochastic matrix

if all its entries are nonnegative and

n
D mi =1,
i=1

forall j € [1,n].

We restate the problem as “Is the steady state of a stochastic matrix exists and is unique up to a
scalar?” In general, the answer is “no”. For instance, let M = I, then every state is a steady state.

So, our goal is to find the sufficient condition when the steady state is unique.

Definition 81 (Positive matrix and non-negative matrix). Given a matrix M € M,(R).

1. M is positive (non-negative) if all its entries are positive (non-negative). We often write
M>0o0rM20.

2. M is regular if M is non-negative and MK is positive for some k € IN. (The terminology

“Regular” is sometimes confusing.)
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Theorem 82. Let M € M,(R) be a stochastic matrix. If M is regular then a steady state of M is

unique up to a scalar. In other words, dimker(M — I,) = 1.

In fact, there is a more stronger result, however we shall introduce some other terminologies
first.

Definition 83 (Spectral radius). Let A € M,,(C) and let A, A, ..., A be all the eigenvalues of A

(roots of the characteristic polynomial). The spectral radius of A is defined as

pA) 1= max |A.

Hence, we have p(A) > 0.

The stronger result mentioned above is the next theorem, which is proved by OskaAr PERRON
(1907) and GEorG FrROBENTIUS (1912).

Theorem 84 (Perron-Frobenius Theorem). Let A € M,(R) be a regular matrix. Then, there exists

a unique (up to a scalar) eigenvector v e R" with eigenvalue p(A).

Note that we does not assume p(A) is an eigenvalue. Therefore, this theorem is pretty strong.
Since it requires a lot of work to prove Theorem B4, we shall prove some theorems and lemmas first,

instead.

Theorem 85 (Gelfond’s formula). Let A € M,(C). Then,

() = Jim "

Although this theorem is regard as a lemma of Theorem B4, we still need to decompose it into

some small problems.

Lemma 12. Let A and B be two similar complex matrices. That is, there exists an invertible
matrix P € M, (C) such that

A= P IBP.

Then,

im [ =t 2]

k—o0 n—oo

provided that lim HAk ||l/k exists.

Proof. Lett = |P| - HP_1|| > HP . P_lH = 1. Then,
|4¥| = e~ B¢ P < P71 - [ B - et = - [ 5]
Similarly, we have

|8 <2 147
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We conclude
/a7 < ) < ak]

Taking the limit k — oo, we obtain lim "Ak ||1/k H B Hl/k OJ

Proof of Theorem [83. If x is an eigenvector of eigenvalue A, then
[ARx| = A x) = Ak = 14
— a4 > .
We find |4¥]""* > p(A) for all k € N. It remains to prove that lim | A*|""* exists and
p()> Jim |44

From what we have learnt in the theory of Jordan forms and Lemma [17, we just need to consider

the case when A is of Jordan form. We first consider the case when A is a Jordan block Jj, that is,

A1
A1
A= =A-I,+ N € M,(C),

where N = J,. Then,
kol o Kk o
AF =@ L+ NF =) (.)A’HN’ =y ( _))lk_‘N‘ (if k > n)
i=0 \! i=0 \!
If we assume k > n, we then have

] = 33 (5o

i=0

i()lll = A" pk),

i=0

where

LOEDNY ()
i=0
is a polynomial in k. Thus,
1/k
k" < a1 p e S 2.

Estimations above show that the theorem is true when A is a Jordan block. Now, we claim that if

B
A:BGBC:( )
C

then |A| = max{||B|,|C|}. This proves the theorem: when A has the block form below,
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converges to max;«;<s |4].

A= _ , J; are all Jordan blocks.

Js

We now start proving the claim. Let B € M,,(C) and C € M,(C) and let a = max{||B| , |C[}. Observe
that for all x € C? and y € C9, we have

(]03 g) (J;) = \JIBx* + [CyF* < \Ja? - (x| + [yD.

0

On the other hand, there exist x, € C? and y, € C7 such that

Hence, we conclude that

<a.

Bxo| = Bl - [xol . ICyol = IC1 - 30l

) ) Gl )

this proves the theorem. 0

Then, we have

<|Bl- : <y - :

Theorem 86. Let A € M,(R) be a positive real matrix. The following statements are true.
1. There is a positive vector u € RY such that A -u = p(A)u.

2. Ifv e C" is an eigenvector of A with eigenvalue A satisfying |A| = p(A), then A = p(A).

3. The algebraic multiplicities of p(A) is 1.

Proof. Let v € C" be an eigenvector of A with eigenvalue A satisfying [A| = p(A). Write v =
t t

(vl vy vn) e C"andletw = (|v1| [vo| ... |vn|) € RY,. We claim that A-w = p(A) - w. Note

that

= |(Av)| = || = p(A) wl = p(A)w;.

n n
(Aw); = Y ayw; = ) [y 2
j=1 =1

n
Z ijvj
j=1
If Aw # p(A)w, then A- Aw > A - p(A)w, that is, all components of A - Aw are strictly greater than
those of A - p(A)w. It is possible to choose € > 0 such that
A-Aw > (1+¢e)A- p(A)w.

By induction, we get:

ARty > ((1 + e)p(A))k - Aw, for all k € IN.
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This implies that
Ak (Aw)|

|4 > > (14 9pa) = 4" > (1 + pta)

|Aw|
contradicting the Gelfond’s formula (Theorem B3). Hence, Aw = p(A)w. However, from the defini-
tion of w, we have w > 0, therefore we conclude that w > 0. This proves the first assertion. To see

the second statement, observe that

n n
D vl = D ai vl = Al =
=1 =1

This implies all v; have the same argument (principal value), that is, arg(v;) are the same. Here we

, for all i.

n
aijvj
=1

J

have used a cool fact about the complex number.

Let ¢1,¢y,...,¢, € C\ {0}. Then
1 + g+ gl = eg| + [eaf + o + ey

implies ¢y, ¢y, ..., ¢, have the same principal values (arguments).

Since all v; have the same principle value, we may assume that v; = r; - exp (i0) (; € Ry() for all
1<i<n

Thus, we have

ry exp i ajp app - ap\) (riexpif 2@yt
rpexpif| lag - : ryexpif | | 2zt
A0 =) T [Fe @] T
, €Xp i0 [ A /77 tn €Xp it z njTj
1 1 z aljrj
r r asiri | . .
' 2 =A- 2 = ) '2] 7| is a real matrix.

"n "n 2 ay iy
Hence, this shows that A is real, thus proves the second assertion. It remains to prove the third
statement. Since A > 0, A' > 0. We can apply (1)) and (2]) to A'. Let x € R”;, be an eigenvector of
At with eigenvalue p(A') = p(A). Consider

X :={yeR": xt y}cR™
Note the following facts:

1. X is an A-invariant subspace. (~x'- Ay = (Atx)ty = p(A)x'y = 0, forall y € X.)

t t
2. w¢ X. (Recall that v = (vl vy oo vn) and w = (|v1| [Vo| ... |vn|) is an eigenvector of A
with eigenvalue [A| = p(A).)

Thus, R” = X @ R - w. To show the algebraic multiplicity of p(A) is 1, it suffices to show that there
is no eigenvectors in X with eigenvalue p(A). Let y € X with Ay = p(A)y. Then from the prove of
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(@), it follows that
Ay* = p(A)y*, where 3 = [y

We saw that the components of A(y + y*) is either all zeros or all positive (why?). This indicates
y* = +y. However, (y”, x) > 0 contradicting the definition of X. This completes the proof. [

Corollary. Let A € M,(R) be a regular matrix. Suppose Ak s positive. Then, The following

statements are true.
1. There is a positive vector u € RY, such that A-u = p(A)u.

2. If v e C" is an eigenvector of A with eigenvalue A satisfying |A| = p(A), then A = p(A).

3. The algebraic multiplicities of p(A) is 1.

Proof. Let Ev(A) be the multiset of all eigenvalues of A in C counted with multiplicity. In other

words,
Ev(A) = the multiset of roots of ch 4(x).

IfEv(A) = {11, 4y, ..., A,}, then EV(Ak) = {Ak, 2k e A’,f} (from the theory of the Jordan forms). Hence,
p(Ak) = p(A)k. Without loss of generality, we assume that |4;| = p(A), and we will write A for A;.
By Theorem Bd, A¥ € R, and there exists u € RZ, such that

Aky = 2k

Let v € C" be an eigenvector of A with eigenvalue A. Then, v is an eigenvector of AX with eigenvalue

AK. Theorem B4 asserts that v and u differ a scalar in C. Thus, u is an eigenvector of A and
Au = Au.

On the left side is a positive vector, so A is a positive real number. (- p(A) # 0, otherwise Ak =0 for
large enough k.) This proves the first statement.

To see the second statement, let w € C" be an eigenvector of A with eigenvalue p satisfying
1l = p(A) = A Then,

Ak = ‘,uk’ = p(AK).
By (2)) and (B]) of Theorem Bd, we have
p* = p(ab),

and w and u differ scalar. This means that w is an eigenvector of A with eigenvalue p(A).
It remains to show the third statement. From ‘Ak| > ‘)le | forall 1 < i < n, it follows that |A| > |A].
This proves the last assertion. [

Theorem B and its corollary is actually a stronger result of Theorem 4. This theorem has a

generalization to irreducible matrix. We now formally give the following definition.
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Definition 87 (Irreducible matrix). A non-negative matrix is A is irreducible matrix if for any

1 <i,j < n, there exist k (depending on i, j) such that
<Ak€i, €J> > 0,

where {e, ey, ..., e,} is the standard basis of R* and (., -) is the standard inner product on R".

Theorem 88. Let A € M,(R) be an irreducible matrix. Then the following statements are true.
1. There is a positive vector u € R, such that A -u = p(A)u.

2. The algebraic multiplicities of p(A) is 1.

Remark. This generalization does not claim the following:

Let v € C" be an eigenvector of A with eigenvalue A satisfying |A| = p(A). Then,
A= p(A).

Here gives a counterexample. Let A € M,(R) be an non-negative matrix defined by:

A::(g )

Note that A is irreducible but NOT regular, however, +1 are both eigenvalues of A.

Proof of Theorem [88. From the definition of irreducible matrices, for every 1 <i<nand 1< j <n,
there exists k = k(i, j)) € IN such that

<Ak€i,€j> > 0.

We now let kg = max; jk(i,j) € N. Then, (A + €In)k0 is positive for all € > 0. Let Ev(A) =

{A1, Ag, ..., A} be the sorted multiset of eigenvalues of A, that is, we assume
p(A) = M| = |Ag] = - = Al > |Agpg| = -+ 2 A
We claim that there exists an € > 0 being small enough such that
|A- + €| = p(A +€l,) and |A,| = p(A), for some 1 <r <.

We show that all € in the interval ((|As — [A41])/4) satisfies the requirement. Let 1 < p < s and
s < g < n be two integers. Then,

Ry + el = o] e > [agl e = |1y +¢.

This means p(A + €l,)) = |A,| for some r € [1,s].
By Theorem Bd and its corollary, A, + € € Ry and there exists an u € R” such that

(A+elu=(A +e)u = Au= Lu

Au is a non-negative vector and |A,| = p(A) # 0, thus 4, = p(A) € Ry(. This proves the first

assertion.
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To see the second assertion, suppose
cha() = (= 2) [T G- 2.
i#r
Then,
chapery(®) = (=4 — ) [ (x = 4 — ).
i#r

By the corollary of Theorem B€ again, (x — A; —€) # (x — A, —€) for all i # r. This completes the
proof. U

Definition 89 (Perron-Frobenius vector). Let A € M,(R) be an irreducible matrix. Let v4 be

the unique vector in RZ, such that

n
Avy = p(A)vy and Z v, =1,
i=1

where v; are the i-th component. v, is called the Perron-Frobenius vector, or briefly, P-F vector.

3.3 Directed Graphs with Weights and Matrices

Definition 90 (Directed graphs with weights). A (directed) graph is an ordered pair G = (V, E),
where V is called the vertex set and E is called the set of edges. The vertex set V ={v, : a € A}
consists of some vertices, in the subsection, we assume that |V] is finite. The set of edges E
consists of some pairs (v, vj) (i,j € A), meaning that there is an edge from v; to vi. A directed
graph with weights means that we require the set of edges E consists of some triples (v, vj, wj;),

meaning that there is an edge from v; to v; with weight w;; € Ry.

Note that for each directed graph with weights, we can associate it with a non-negative matrix
by the following

Suppose |V| = n. Let Ag = (;;) € M,(R) be a non-negative matrix defined by

w;i , if (v, v, wy;) € E
al-j = . .
0 , otherwise

Then, for each finite directed graph G with weights, we associate it with a non-negative matrix
Ag, the adjacency matrix of G. We also can construct a graph from a given non-negative matrix.
Thus, some properties of the matrix theory can convert to properties of graphs, and vice versa.

Now let G be an unweighted directed graph, for each vertex, we can define the out-degree and

in-degree as
deg,,;(v) =#{weV : (v,w) € E}; deg,(v) =#HweV : (w,v) € E}

We can construct a related matrix S = (s;;) € M,(R) corresponding to the transitions in a Markov
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chain of given network N (a net work is an unweighted directed graph G), by

1
—— Lif(vj,v,) EE
degout(vj) P
Sij =10 ,if (vj, ) € E but deg,(v;) # 0 -
1 , otherwise
n

Then, the just constructed matrix S is a stochastic matrix, but it may not be regular or irreducible.
To make S be able to apply Theorem B4, we give the following definition of the google matrix that

makes S become positive.

Definition 91 (Google matrix). Let N be a network (let G be a unweighted directed graph). The
google matrix X attached to the network N (the graph G) is

X :i=aS+(1 - a)lB, for some a € (0,1). (7)
n

In @), B is defined as the matrix in M,(R), all of whose elements are 1. Usually, @ = 0.85 is

the best model for simulating how people browse the web page according to the research by

GOOGLE at around 1997.

The Google matrix X is positive and stochastic. We can apply the Perron-Frobenius Theorem
(Theorem B4) to X to get a P-F vector vy = (v1 vy vn)t. Then, we (Google) can rank web pages
in Google search engine results according to the magnitude of v;. However, how to find vy is a very
tricky question. Most of the time, there are a lot of pages to be ranked, so we must find a quick way

to compute vy numerically.

t
Theorem 92. Let v, = (1/n 1/n .. 1/n) € R™. Then,

lim kao = vx.

k—o0

Proof. For x € R", define
n
Il == Il
i=1

For any v = (vl,vz, ...,vn)t € RY; such that )’ v; = 1, we have
Bov=(11 .. 1)t.
In this case, we call v a probability vector. Let v = kao (k € N). Consider v — vx|;-
I = vy = | (@5 + (1= @) Bkt = w0)| = 1@S) s =0l

because v_; and vy are probability vectors. Define xR = v — vx. Then, x*k+D = . 5. x®) Note
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that

n n

), = 3] < S 3" sy )
i=1 i=1 j=1
S GIEPRING
=a, Zsij Xj |=aZ|xj |:“'"x(k)"1'
j=1i=1 J=1
This implies
O], < O], = iyl < 2
We obtain
klglgowc = vy.

]

Corollary. We have Hkao — vX" < 2- (xk, It is useful when we need to estimate the error

between X*v, and vy.

This method to approximate the exact value of vy is called the power method. We now consider
a more general question. Given a positive stochastic matrix A € M,(R) and let v, be a vector in R”,
then we wonder whether the limit lim A¥v, exists and what the limit is. The answer is given by the

next theorem.

Theorem 93. Let A be a positive matrix. Letw, v, € R" be the P-F vectors of A® and A, respectively.

Letv € R" be an arbitrary vector, then
k
lim< A ) = (v, w) v
a4 — V4,
k—o0 p(A) <VA,W>

where (-, ) is the standard inner product.

Proof. Recall that in the proof of the Theorem Bd, we used the fact that
R'=(R-vy)oW W :=R-w)={xeR": (x,w)=0}),

is a direct sum of A-invariant subspace of R". For each v € R, write v = av4 + y, where y € W.
Then,
k k k

(N (1 R (o
p(A) p(A) p(A)

k k
(ALY a2 (A Y "
(P(A)) v (p(A)) y|£<p(A)k) [l -
k
<C- (pf)?k);)) |yl (by Gelfond’s formula).

Since p(A) > p(Aly,) (by Theorem Bd), we have
k

lim (i> v=a-v
k—o0 p(A) A
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On the other hand, we have
(v, w)
(va,w)

This proves the theorem. [

(v, w) =(avg + y,w) = a{vy,w) = a =

Remark. This theorem does not hold if A is an irreducible matrix since we use the fact that

If A is positive (non-negative), then p(A) > p(Aly ). (W is the orthogonal com-
plement of R - v4.)
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